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Abstract

Loss of regularity of solutions to hyperbolic partial differential equations is one of the cen-
tral research issues in classical as well as modern analysis of partial differential equations.
Suprisingly, this phenomenon of loss which is well-known in the study of degenerate hy-
perbolic equations with regular coefficients appears even in the case of strictly hyperbolic
equations when the coefficients are irregular.

In this thesis, we study Cauchy problems for singular hyperbolic equations of the form

(83 + A(t,z, D,)0, + B(t, z, D$))u(t,x) = f(t,z), (t,x) € (0,T] xR" T < o0,

where A and B are linear partial differential operators some of whose coefficients or their
t-derivatives tend to infinity in some sense as t — 0. In particular, our interest is either
blow-up or infinitely many oscillations near ¢ = 0 and polynomial growth in . A study
of such problems is motivated by applications in cosmology, transonic gas dynamics and
nonlinear Kirchhoff type equations modeling transversal vibrations of elastic string.

We use energy estimates to establish global well-posedness, cone condition and loss
of regularity for a class of singular hyperbolic equations with coefficients displaying poly-
nomial growth in x and Cauchy data in an appropriate Sobolev space. In order to study
the interplay of the singularity in ¢ and unboundedness in x, we consider a special class
of metrics on the phase space. Our methodology relies upon two important techniques:
the subdivision of the extended phase space using the Planck function associated to the
metric and conjugation of a first order system corresponding to the singular equation.
It is well-known in the theory of hyperbolic operators that the irregularity in ¢ needs to
be compensated by a higher regularity in the x variable. This “balancing” operation is
the key to understand the loss of regularity. The conjugation brings this balance and
even encodes the quantity of the loss. In order to overcome the difficulty of tracking
a precise loss in our context we introduce a class of parameter dependent pseudodiffer-
ential operators of the form e”®@D=) for the purpose of conjugation. This operator
compensates, microlocally, the loss of regularity of the solutions. The operator ©(x, D,)
explains the quantity of the loss by linking it to the metric on the phase space and the
singular behavior, while v(t) gives a scale for the loss. We call the conjugating operator
as loss operator. The operators with loss of regularity are transformed to “good” op-
erators by conjugation. This helps us to derive “good” a priori estimates for solutions
in the Sobolev space associated with the loss operator. We establish that the metric



governing the conjugated operator is conformally equivalent to the initial metric where
the conformal factor is given by the symbol of the operator O(z, D,).

Depending on the order of loss operator we report that the solution experiences zero,
arbitrarily small, finite or infinite loss of regularity in relation to the initial datum. In-
cidentally, our analysis completely settles the well-posedness issue for the oscillatory be-
havior. Further, we derive anisotropic cone conditions for the singular hyperbolic Cauchy
problems. The L! integrability of the singularity guarantees that the propagation speed
is finite. We report that even the weight function governing the growth of coefficients in
x variable influences the geometry of the slope of the cone.

Keywords: Singular hyperbolic Cauchy problems, Blow-up, Oscillations, Global well-
posedness, Loss of regularity, Metric on the phase space, Pseudodifferential operators,

Energy estimate
MSC 2010: 35181, 35L15, 35B65, 35B30, 35505
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Chapter 1

Introduction

Analysis takes back with one hand what it gives with the other. I recoil with fear
and loathing from that deplorable evil: continuous functions with no derivatives.

— Hermite to Stieltjes, 1893

Let us consider a second order partial differential operator of the form

P(t,x,Dy, Dy) =D} + Y a;u(t,2)DSD], (t,x) €[0,T] x R",
Jt|a<2
j<2
where D; = —i0;, D, = —iV,, a € Nj is a multi-index and the variables ¢ and x represent
time and space, respectively. The operator P is said to be hyperbolic in the direction t if
the roots 7;(t,x,&),j = 1,2, of the characteristic equation

% + Z ajo(t,2)E7 =0, (t,2,€) €[0,7] x R? x RY,
Jt|al=2
7<2
are real. If the real roots 7; are also distinct for (¢,z,€) € [0,7] x R™ x (R™\ {0}), then
we say that the operator P is strictly hyperbolic in the direction t. Further, P is weakly
hyperbolic if it is hyperbolic but not strictly hyperbolic.
Given a Cauchy problem for the operator P,

Pu(t,z) = f(t,x)

uw(0,2) = ug(x), Ou(0,x) = uy(x), } (1.0.1)

it is natural to ask the question of well-posedness in the sense of Hadamard.

Definition 1.0.1. (Well-Posedness [38, 29]) Wellposedness of a Cauchy problem with
respect to chosen topological spaces for - the initial data, the non-homogeneous term and
the solution, means the existence, uniqueness and continuous dependence of the solution
in the topologies of the given spaces.
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In the case of smooth coefficients, way back in 1932 Hadamard [38] (see also [52, 57])
proved that the hyperbolicity is a necessary condition for C* well-posedness of the
Cauchy problem. But hyperbolicity alone does not guarantee well-posedness in C.
A sufficient condition for well-posedness in C* is strict hyperbolicity, see [67, 53, 36].
In this thesis, we are interested in strictly hyperbolic Cauchy problems with non-smooth
coefficients.

Second order hyperbolic equations with Lipschitz coefficients that depend only on
time were the subject of research starting in the 1970s and 1980s. When the coefficients
of the equation are in L*°([0,7]) and Lipschitz continuous then the Cauchy problem is
C> well-posed. More precisely, the Cauchy problem is well-posed in Sobolev spaces and
one can prove that for all (ug,u;) € H*(R") x H¥"'(R"), s € R, there is a unique solution
in C([0,T]; H*(R™)) n C*([0,T]; H*~*(R™)), see [40, Chapter 9].

Non-Lipschitz coefficients arise naturally in wave propagation in non-smooth media
and are of practical importance, for example in seismology [26, 45]. This warrants the
study of strictly hyperbolic Cauchy problems with non-Lipschitz coefficients. This study
presents an interesting phenomenon called loss of reqularity index in Sobolev spaces, that
is, the Sobolev regularity index of the solution is lesser than that of the Cauchy data.

Broadly speaking, in the literature, the non-Lipschitzness is characterized by

(T1) Singular behavior: blow-up rate and oscillations characterized by the coefficients
and their derivatives

(T2) Modulus of continuity based irregularity: ranging till Holder continuity
(T3) Second variation based irregularity: Zygmund and log-Zygmund continuity

Works on (T1) - (T3) irregularities have a long standing history in the study of strictly
hyperbolic equations (a brief literature survey on well-posedness results related to these
irregularities is presented in the following sections). In this work, we primarily focus on
the irregularity of type (T1) which has found fruitful applications in cosmology, transonic
gas dynamics and the study of nonlinear Kirchhoff type equations (see Appendix D for
the details).

1.1 Overview

We study the Cauchy problem (1.0.1) when the operator coefficients or their t-derivatives
tend to infinity in some sense as ¢t — 0. Such problems are called singular hyperbolic
Cauchy problems, see [7]. Our main interest is the optimality of loss when the coefficients
are singular in time and unbounded in space. In particular, our interest is either blow-up
or infinitely many oscillations near ¢ = 0 and polynomial growth in x. The polynomial
growth in z is characterized by generic weights w(x) and ®(z). We consider the coefficients
ajq(t, z) such that a;,(-,z) € C°(R") satisfies the estimate

10%a;0(-,2)| < Cp w(x)* & (x)" 1P, (1.1.1)
for some positive constant Cz and multi-index § € Nfj. The functions w(x) and ®(z) are
positive monotone increasing in |x| such that 1 < w( ) S P(x) S (@) = (1 —i— |z|?)Y/2.

2



1.1. Overview

These functions specify the structure of the differential equation in x variable. We discuss
the properties of these functions in Section 2.1. In order to study the interplay of the
singularity in ¢ and unboundedness in x, we consider a class of metrics on the phase space
of the form

dof? _|de]

Jor = )

o(x)2 ()7
where ®(z) is as in (1.1.1) and (&), = (k% + [£]?)"/? for an appropriately chosen k > 1.
Note that the functions w(x) and ®(z) are associated with the weight and the metric
respectively. We discuss the properties of these metrics in Chapter 2.

Example 1.1.1. The function f(z) = (z)3 <2 + sin ((xﬁ)) satisfies the estimate

107 £ (2)] S w(z)®(x) 7,

)3 (sin (@2 +1)5) +2)

1

-40 -30 -20 -10 O 10 20 30 40

Figure 1.1: Plot of Example 1.1.1

We use energy estimates to establish global well-posedness, cone condition and loss of
regularity for a class of singular hyperbolic equations with coefficients displaying polyno-
mial growth in z and Cauchy data in an appropriate Sobolev space tailored to a metric
on the phase space and singular behavior. Our methodology relies upon two important
techniques: the subdivision of the extended phase space using the Planck function asso-
ciated to the metric and conjugation of a first order system corresponding to the singular
equation. The irregularity in ¢ needs to be compensated by a higher regularity in the x
variable. This balancing operation is the key to understand the loss of regularity. The
conjugation operation brings this balance and even encodes the quantity of the loss. In
order to overcome the difficulty of tracking a precise loss in our context, we introduce a
class of parameter dependent pseudodifferential operators of the form

eu(t)@(m,Dz)’
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for the purpose of conjugation. This operator compensates, microlocally, the loss of
regularity of the solutions. The operator O(x, D,) explains the quantity of the loss by
linking it to the metric on the phase space and the singular behavior while v(t) gives a
scale for the loss. We call the conjugating operator as loss operator. The operators with
loss of regularity are transformed to good operators by the conjugation. This helps us to
derive good a priori estimates of solutions in the Sobolev space associated with the loss
operator. We establish that the metric governing the conjugated operator is conformally
equivalent to the metric gg , where the conformal factor is given by the symbol of the
operator O(z, D).

Depending on the order of the loss operator, we report that the solution experiences
zero, arbitrarily small, finite or infinite loss of regularity in relation to the initial datum.
Incidentally, our analysis completely settles the well-posedness issue for the oscillatory
behavior.

Further, we derive optimal cone conditions for the solutions of the singular hyperbolic
Cauchy problems. The L' integrability of the singularity guarantees that the propaga-
tion speed is finite. We report that even the weight function governing the growth of
coefficients in x variable influences the geometry of the slope of the cone in such a manner
that the slope grows as |z| grows.

1.2 Literature Survey

In this section, we present various well-posedness and regularity results from the literature
when the coefficients are non-Lipschitz in time and smooth in space, and outline the
results from this thesis in the context of singular behavior.

1.2.1 Singular Behavior

The main interest of this thesis is the singular behavior characterized by either blow-up
or infinitely many oscillations near the hyperplane ¢ = 0. Let us look at these two cases
in detail.

Oscillatory Behavior

Following is a classification of oscillations given by Reissig [69, 50].

Definition 1.2.1 (Oscillatory Behavior [69, 50]). Let ¢ = c(t) € L*°([0,T]) N C?*((0,T])

satisfy the estimate 4
d’ | Int[7\’ ,
—c(t)| < =1,2. 1.2.1
e s (Y - 121)

We say that the oscillating behavior of the function c(t) is
o very slow if ¥ =0
» slow if ¥ € (0,1)

o fastify=1
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o wvery fast if (1.2.1) is not satisfied for ¥ = 1.

We modify the above classification in order to refine the definition for very fast oscil-
lation.

Definition 1.2.2 (Oscillatory Behavior). Let ¢ = c(t) € L>=([0,T]) N C?((0,T]) satisfy

the estimate ,
’ | In¢[7%a )’
- < =1

for 3 =1,2 and ¢ > 1. The function 1, is such that 1, =1 if ¢ = 1 else I, = 0. We say
that the oscillating behavior of the function c(t) is

very slow if g =1 and ¥ =0

slow if g=1 and 5 € (0,1)

fastifg=~v=1

very fast if ¢ > 1 or else ¥ > 1 when q = 1.

When ¢ = 1, note that both the above definitions match. Based on our work, we have
redefined very fast oscillation by introducing the case of ¢ > 1. Observe that when ¢ > 1
the contribution from the logarithmic factor is negligible as |In|7 < ¢¢ for any € > 0
and one can replace “2; " by tiq where ¢ = q +¢.

The borderline case ¢ = 1 is more challenging. A pioneering work in this direction
was done by Yamazaki [77] in 1990 who considered very slowly oscillating (¥ = 0,¢ = 1)
coefficients that depend only on time. The author reports Sobolev well-posedness without

any loss in regularity index.

Order of .. Growth in x .
L Regularity in ¢ . Loss of regularity
Oscillations . of coefficients | . . Ref.
— of coefficients index for solution
q Y w d
Zero to
0 2
1 (0,1) | L=([0, T]) 0 ¢*((0,T]) 1 1 arbitrarily small 169
Zero to
2
o (0, 7]) w(@) | @) | pitrarily small | 7]
1 1 L>([0,T]) nC*>((0,T7) 1 1 Finite [50]
1 1 L>([0,T]) NC>=((0,T7) | (z) (x) Finite [75]
Finite to
2
1| [1,00) c2((0,1)) w(@) | B@) | et ey
(1,00) - C((0,7)) 1 1 Infinite [9]
(1, %) - C1((0,1) w(x) | &(x) Infinite [62]

Table 1.1: Loss of regularity in case of oscillatory coefficients. Rows in bold correspond
to the results of this thesis.

Reissig [69, Theorem 8] considered the coefficients independent of z and oscillating in
t. The author reports no loss, arbitrary small loss, finite loss and infinite loss of derivatives
for the cases very slow, slow, fast and very fast oscillations, respectively. These results

>
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were partially extended to the case of coefficients depending on both ¢ and z in [69,
Theorem 13| and [50, Theorem 1.2] where C'*° well-posedness is established through the
construction of a parametrix. But this extension requires the condition

1 1

_ 7\’
0708 a; . (t,2)] < Cjs (; (ln Z) > , forall j € Ny, g €N, (1.2.3)

where 4 € [0,1]. Uday Kiran et al. [75] extended these results to the SG setting, i.e.,
®(z) = w(x) = (z) in (1.1.1) and an additional factor (x)?>~7 multiplied to the right
hand side of the inequality in (1.2.3). The authors report well-posedness in &’ (R™) with
finite loss in regularity index. It should be noted that these extensions partially settle
the well-posedness issue for oscillatory behavior case as they require the coefficients to
possess all the t-derivatives in (0, 7.

In this thesis we consider the Cauchy problem (1.0.1) with coefficients displaying
varied rates of oscillations in ¢ (specified by just the first and second t¢-derivatives of the
coefficients) and a polynomial growth in x governed by generic weights ®(z) and w(z). In
this thesis we completely settle the well-posedness issue for the oscillatory behavior. In
Chapters 4 and 5, we show that the solution experiences zero, arbitrarily small, finite and
infinite loss in the regularity index in relation to the Cauchy data defined in a Sobolev
space tailored to the metric and the order of oscillations for the cases very slow, slow, fast
and very fast oscillations, respectively. Table 1.1 summarizes the results of this thesis in
the context of oscillatory behavior.

Blow-up

Inspired from the classification for oscillations, we have come up with the following scale
for the blow-up rate based on the amount of loss in regularity of solution for the associated
Cauchy problem.

Definition 1.2.3 (Blow-up Rate). Let ¢ = c(t) € L*((0,T]) N C*((0,T]) satisfy the
estimates

1 )
()] < In¢|7,

t1 (1.2.4)
0c(t)| S t—q| In ¢| Dk,

with ¢ € [1,00),p € [0,1),p < qg—1 and ¥ > 0. The function I, is such that I, = 1 if
q=1 else I, =0. We say that the blow-up rate of the function c(t) is

e mildifg=1,p=0,7 € (0,1)
e logarithmic if q=1,p=0,7=1
o strong if g=1,p=0,% € (1,00)

o wvery strong if ¢ > 1,p € [0,1).



1.2. Literature Survey

Rate of Regularity in ¢ Growth T Loss of regularity
Blow-up . of coefficients | . . Ref.
= of coefficients index for solution
p q gl w ¢
Arbitrarily
1
0 | 1 |01 CHOT]) |w@) | B) orere (64
0 1 1 Ct((0,77) - - Finite [15]
0 1 1 C*((0,71)) 1 1 Finite 9]
0 1 1 Ccl((0,T]) |w(z) | ®(x) Finite [63]
0 1 (1,00) | C?(0,T]) | w(zx) | ®(x) Infinite [65]
[0,1) | (1,00) - ct((0, 7)) - - Infinite [15]
(0, %) (1, %) - Ci((0,T]) |w(z) | ®(x) Infinite [66]

Table 1.2: Loss of regularity in case of coefficients blowing-up at ¢ = 0. Rows in bold
correspond to the results of this thesis.

Cicognani [9] studied well-posedness of (1.0.1) for the case w(z) = ®(z) = 1 and
atmost logarithmic blow-up in t. The author reports Sobolev well-posedness for the
Cauchy problem (1.0.1) with a finite loss of derivatives. Colombini et al. [15] considered
the Cauchy problem (1.0.1) with operator coefficients independent of x with very strong
blow-up in ¢. They report well-posedness in Gevrey space G7,1 < o < %, with infinite
loss of derivatives.

In this thesis we consider the Cauchy problem (1.0.1) with coefficients displaying
varied rates of blow-up in ¢ and a polynomial growth in x governed by generic weights
®(z) and w(z). In Chapters 3, 4 and 6, we show that the solution experiences arbitrarily
small, finite and infinite loss in the regularity index in relation to the Cauchy data
defined in Sobolev space tailored to the metric and the order of blow-up for the cases
mild, logarithmic, strong and very strong blow-up, respectively. Table 1.2 summarizes
the results of this thesis in the context of blow-up near t = 0.

1.2.2 Other Types of Non-Lipschitz Behavior

In this section, we look at some of well-posedness and regularity results from the literature
when the modulus of continuity or second variation is used to describe the regularity of
the coefficients with respect to time.

Modulus of Continuity Based Irregularity

Let us first recall what we mean by the term modulus of continuity.

Definition 1.2.4 (Modulus of continuity and p-continuity). We call i : [0,1] — [0,1] a
modulus of continuity, if u is continuous, concave and increasing and satisfies 11(0) = 0.
A function f € C(R™) is pu continuous if and only if

[f(z) = F(y)] < Culle —yl),

forallz,y € R", |x —y[ <1 and some constant C.

7



Chapter 1. Introduction

Modulus of continuity Commonly called
p(s) =s Lipschitz-continuity
n(s) =s(In (1) +1) Log-Lipschitz-continuity
p(s) =s* ae(0,1) Holder-continuity

Table 1.3: Typical examples of moduli of continuity

Colombini, De Giorgi and Spagnolo pioneered in 1979 the study of loss of regularity
of solution to a strictly hyperbolic Cauchy problem with non-Lipschitz coefficients de-
pending only on time. They proved in [13] that log-Lipschitz regularity is the optimal
one for Sobolev and hence, C'*™° well-posedness with loss of derivatives. In this case, more
precisely, they showed that there exists 6 > 0 (depending on the log-Lipschitz norm of
the coefficients) such that for all (ug,u;) € H*(R™) x H*'(R"), s € R, there is a unique
solution in C([0,T}; H*°(R")) N C*([0,T]; H*~*~°(R")). Further, if the coefficients are
Hélder continuous of exponent a € (0, 1), then (1.0.1) is G” well-posed for all o < .

Colombini and Lerner [17] considered second-order operators with L> coefficients
which are log-Lipschitz in both time and space. They proved well-posedness in Sobolev-
spaces with finite loss of derivatives and established the log-Lipschitz regularity as the
natural threshold beyond which no Sobolev well-posedness could be expected. Consider-
ing operators whose coefficients are Holder continuous in time and Gevrey in the spatial
variables, Nishitani [60] and Jannelli [46] were able to extend the results of [13]. Ci-
cognani [8] extended the results of [17, 60, 46] to equations of order m and considered
coeflicients that are log-Lipschitz and Hélder continuous in time and B*(R") regular in
space.

For second order equations, Cicognani and Colombini [11] provided a classification,
linking the loss of derivatives to the modulus of continuity of the coefficients with respect
to time. In 2017, Cicognani and Lorenz [12] extended these results to m'* order equations
with coefficients diplaying B> (R™) regularity in « and linked the loss of derivatives not
only to the modulus of continuity but also to the weight sequence (see Definition 2.2 in
[12]) in spacial variable of the coefficients. The results in [12] demonstrate a well-known
fact in the context of the study that one has to compensate for the irregularity in time
by assuming higher regularity in space.

Ascanelli and Cappiello [3, 2| initiated the study of loss of regularity when the coef-
ficients are polynomially growing in z and log-Lipschitz or Hélder continuous in ¢. The
authors report that the solution experiences finite loss of not only derivatives but also
decay in weighted Sobolev spaces for the log-Lipschitz case [3] while for the Holder con-
tinuous case [2] they prove well-posedness in Gelfand-Shilov spaces with infinite loss of
regularity.

Second Variation Based Irregularity

Let us now look at some of the well-posedness and regularity results when the irregularity
in time variable of the coefficients is dictated by second variation based regularities:
Zygmund and log-Zygmund.



1.3. Motivating Examples and Counterexamples

Definition 1.2.5. A function f € L>®(R") is said to be Zygmund continuous if

sup |f(x+y)+ flo—y)—2f(x) < Clyl, |yl <1,

and log-Zygmund if right-hand-side of the above inequality is replaced by C|y| In (1 + <‘—;|)) )
Though we have the embedding Lipschitz < Zygmund < log-Lipschitz, Zygmund reg-
ularity is a condition on second variation, hence it is not related to the modulus of
continuity based irregularity considered by Cicognani and Colombini [11].

Hyperbolic equations with Zygmund coefficients appear in various geophysical ap-
plications [45] where wave propagation in a media described by multifractal behavior is
studied. As for the well-posedness results, Colombini e.al [14, 19] studied the Cauchy
problem (1.0.1) with Zygmund and log-Zygmund type assumptions on time, and proved
Sobolev well-posedness without loss and with finite loss of derivatives, respectively. The
authors also investigated the case of coefficients log-Zygmund in time and log-Lipschitz
in space. They report in [18] that solution experiences time depedent loss of derivatives
in the Sobolev spaces H*(R"), s € R.

Remark 1.2.1. [t should be noted that singular behavior is different from the modulus
of continuity based irreqularity. It is possible to construct a function fi € C*(0,T] and
log-Lipschitz continuous in [0,T)], such that

limsup t?|f](t)] = +o0

t—0t

for all ¢ > 1. Conversely, it is easy to find a function fo € C([0,T]) N C*(0,T] but
Hélder-continuous on [0, T] for no a < 1, such that

limsup t|f5(t)| < +oo.

t—0t+

We refer to Appendixz C' for the details.

1.3 Motivating Examples and Counterexamples

One may ask, in the context of singular hyperbolic Cauchy problems, the following per-
tinent questions:

1. Does loss of regularity really appear? If so, what is the amount of loss?
2. Can we have problems where uniqueness is compromised?

In this section we provide certain examples answering the above questions. We cover
various cases such as finite loss, no loss, nonuniqueness and infinite loss. The case of
infinite loss is challenging as it involves construction of a singular coefficient using tech-
niques from spectral theory of pseudodifferential operators on R"™ and Baire categorical
arguments.
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1.3.1 Finite Loss

The following example shows that one can encounter finite loss when the coefficients of
lower order terms are singular. Let (¢,z) € [0,7] x R.

Example 1.3.1. (Pattar-Kiran[66])

<a§ 20— (4m+ 1)@)) ult,z) = 0,

2t (1.3.1)
u(0,2) = up(x), Ou(0,z) = (4m + 1)0,up(z),
for some m € Ng. The solution to the above Cauchy problem is given by
u(t,z) =Y OV 0ug(x + 1), (1.3.2)

0

<

for C’j(»m) of the form

Co =1,

where (y);,y € R, is the 3 falling factorial of y [20, page 6] given by

W);=yly—1)---(y—3j+1).

Notice that the solution u(t,z) in (1.3.2) is expressed using first m derivatives of the
initial datum ug(x). This leads to a loss in reqularity index by m amount. For example,

letm =1, and
1

57
where H(x) is Heaviside function and Hg'?, (s1,52) € R? is a weighted Sobolev space as
in Definition 3.1.2. Then, u(t,x) is given by

uo(z) = H(x) + sin(2?) € Hf_,;;;l, 51 <

1,-2
)

u(t,z) = H(z +t) +sin(z + t)* + 4t (0(z + 1) + 2(z + t) cos(z + %)) € Hivy
where §(x) is Dirac delta distribution.

1.3.2 No Loss

It is not always that we have loss of regularity in the case of singular hyperbolic Cauchy
problems. Following examples demonstrate this point.

Example 1.3.2. (Pattar-Kiran[66])

(af . %a) u(t.z) = 0
u(0,z) =0, Jwu(0,x) = up(x).

(1.3.3)

The solution to the above Cauchy problem is given by

u(t, z) = tug(z + t).

10



1.4. Content of the Thesis

The following example demonstrates that when the coefficient of the top order term
is oscillatory but in C*((0,77) N W1((0,T]) and that of the lower order term is in
C((0,7]) N L*((0,T]), one may have no loss.

Example 1.3.3. (Pattar-Kiran[66])

) 2.y cosyit B
(8t — (2 +sinVt)92 - Q—ﬁax) u(t,z) =0

u(0,2) = ug(x), Ou(0,z) = 20,up(z).

(1.3.4)

The solution to the above Cauchy problem is given by
t
u(t, ) = ug <x + / (2 +sin \/E)ds) :
0

1.3.3 Nonuniqueness

The following example demonstrates that one may even encounter nonuniqueness when
the coefficients are singular.

Example 1.3.4. (Pattar-Kiran[66])

(af oo 3@)) u(t.z) = 0
u(0,z) =0, du(0,x) = 0.

(1.3.5)

The solution to the above Cauchy problem is given by
u(t,z) = tp(z + 1),

for any function ¢(x).

1.3.4 Infinite Loss

In Sections 3.6 and 4.7 we generate a residual set of singular coefficients that lead to
infinite loss of regularity. It should be noted that when the assumptions that guarantee
a finite loss in regularity are not satisfied, the infinite loss is the common behavior for
solutions.

1.4 Content of the Thesis

In this section, we briefly outline the contents of the thesis. For detailed discussions, see
the respective chapters.

In Chapter 2, we outline the methods and tools necessary for the analysis. Chapters 3
to 6 are devoted to addressing global well-posedness issues for varied rates of oscillations
and blow-up. Following is the chapterwise break up of the singular behavior.

Chapter 3: Mild and Logarithmic Blow-up

11
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Chapter 4: Oscillations and Strong Blow-up: ¢ = 1 Case
Chapter 5: Very fast Oscillations: ¢ > 1 Case

Chapter 6: Very Strong Blow-up

We conclude in Chapter 7 by summarising the results obtained in this thesis and identify
some interesting questions for future research.

12



Chapter 2

Our Methods and Tools

The method of energy estimates is much more robust and general method than the
explicit construction of the parametrix.
— Victor Ivrii, Microlocal Analysis, Sharp Spectral Asymptotics and Applications I (page XLV).

In this chapter we outline our methodology in dealing with singular hyperbolic Cauchy
problems by introducing the tools and techniques that we employ.

Observe that the operator coefficients of the Cauchy problem (1.0.1) under our con-
sideration are dependent on x as well. This means that we can not use Fourier transform
directly as in [15, 16]. One can bypass this problem by using the following three methods:

B Pseudodifferential calculus (see for example [9, 3, 2, 62, 63, 65])

B Littlewood-Paley decomposition and paradifferential calculus (see for example [17,
14, 18])

B Construction of a parametrix (see for example [50, 16, 75])

In this thesis we use pseudofifferential calculus to obtain energy estimates. It is worth
noting that paradifferential calculus is available only for the case of coefficients bounded
with respect to the space variable. Developing the paradifferential calculus first for the SG
setting (®(x) = w(x) = (x)) would be an interesting issue to consider. The construction
of a parametrix depends on the Fourier integral operator calculus which is available only
for the cases ®(z) = w(x) =1 (see [44]) or ®(x) = w(z) = () (see [23, 22]). Weighing
these issues of the last two methods against the availability of the sophisticated pseu-
dodifferential operator calculus for a generic metric on the phase space (see for example,
[43, 21, 58, 54]), we have chosen the pseudodifferential operator calculus in dealing with
the singular hyperbolic Cauchy problems.

In the following, we introduce certain tools from the pseudodifferential operator theory
and phase space analysis. We employ these tools in the forthcoming chapters to deal with
the singular behavior in our context.

13



Chapter 2. Our Methods and Tools

2.1 Metric on the Phase Space

Although the pseudodifferential operator theory has its roots in the theory of singular
integrals and Fourier analysis, it was reinitiated and popularized in 1960s by Kohn and
Nirenberg [59]. It was subsequently refined and extended using a generic Riemannian
metric on the phase space by many authors, notably Hérmander [43], Rodino [58] and
Lerner [54]. The theory has become one of the powerful tools in the modern theory of
partial differential equations as it offers a meaningful and flexible way of applying Fourier
techniques to the study of variable coefficient operators.

Metrics on the phase space are now widely used in the pseudodifferential operator the-
ory to address the solvability and regularity issues [54]. Last decade has seen the complete
resolution of the Nirenberg-Treves conjecture [28] and more recently in obtaining the loss
of derivatives in the Ivrii-Petkov conjecture [6, 61] - thanks to the metric on the phase
space for both these achievements. Furthermore, global issues in the pseudodifferential
theory require a direct application of the metrics on phase space.

The notion of a metric on phase space T*R" (= R?") was first introduced by Hor-
mander [43, Chapter 18] who studied smooth functions p(z, ) called symbols using the
metric
|d¢|?
(€)%

That is, the symbol p(x,&) satisfies for some m € R and Cup > 0,

Jae = (€)% |da]* +

0<d<p<l

[0807p(x,€)] < Caplg)™ POV,

where a, 8 € Nj are multi-indices. In a more general framework created by Beals and
Fefferman [4, 5, 58], we can consider the symbol p(z,&) that satisfies the estimate for
some Cup > 0,

020 p(,§)| < CapM (x,€)¥ (2, &)@ (x, )7,

where the positive functions M (z, &), ¥(x, &) and ®(z, &) are specially chosen. As given
in [54, Chapter 2|, the above symbol estimate can be expressed using the following Rie-
mannian structure on the phase space

C|daJdeP
928 = B(w, 62 T W(w, )7

(2.1.1)

More generally, one can define symbol classes using a metric g on the phase space
satisfying certain geometric restrictions of both Riemannian type and symplectic type.
In order to understand these restrictions more clearly, let us first review some notation
and terminology used in the study of metrics on the phase space, see [54, Chapter 2] and
[58] for further details. Let us denote by Q(X,Y’) the standard symplectic form [25] on
T*R™ 2 R?™ if X = (z,€) and Y = (y,n), then Q is given by

QAX,Y)=¢-y—n-z.

We can identify € with the isomorphism of R?" to R?" such that Q* = —Q, with the
formula Q(X,Y) = (QX,Y).

14



2.1. Metric on the Phase Space

Consider a Riemannian metric g which is a (measurable) mapping from R?" into C,
the cone of positive definite quadratic forms on R?" : for each X € R?", gx is a positive
definite quadratic form on R*". To gx we associate the dual metric ¢} by

0 (QY,v")* on
gx(Y)= sup ———, forallY € R*".
x(Y) ozyrerzn gx(Y7)

Considering gx as a matrix associated to positive definite quadratic form on R?", ¢ =
Q" g'Q. We define the Planck function [58] which plays a crucial role in the development
of pseudodifferential calculus as

hy(x,€) == sup (gX(Y)>1/2.

0£Y €R27 99( (Y)

Basically, a pseudodifferential calculus is the datum of the metric satisfying some local
and global conditions. In our case, it amounts to the following conditions on g. We say
that

(M1) g is a slowly varying metric on R?" if

3Cy > 0,3r¢ > 0,VX,Y, T € R*"
gx (Y = X) <rj = Cylgy(T) < gx(T) < Cogy(T).

This property is used to introduce a partition of unity related to the metric, see [54,
Theorem 2.2.7] to take care of the local analysis of the pseudodifferential calculus.

(M2) g satisfies Heisenberg’s uncertainty principle if
gx < gﬁ}, X € R*™.

Note that gx < hy(X)%g%, hy(X) < 1. We often make use of the strong uncer-
tainty principle, that is, for some x > 0, we have

he(w,6) < (1+ 2| +[€)7",  (z,€) € R™

Heisenberg uncertainty principle prevents the localization from being too sharp on
conjugate axes.

(M3) g is temperate if

3C > 0,3N > 0,VX,Y,T € R*, <CO(1+ (g3 ngd) (X =y,

where g A gy is harmonic mean of the quadratic forms. This property is used to
take care of the nonlocal nature of the composition fomula in the pseudodifferential
calculus.

15
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A couple of well-known examples of symbol classes of the form S(M, g) are given below:

m m ldo?|d€J? : . L
1. T = S )™, W + W : used to determine parametrices for hypoelliptic
operators.

2. 50 =S (R, |dz|* + h*|d€|?) : used in semi-classical analysis, where the operators

depending on a small parameter h are studied.

m |dz|* + |dgJ?
3.5 =5 (1+|z]* + £ ,|— : used for studying spectral properties
(( |z|* + [€[°) EaEETE ying sp prop

of pseudodifferential operators on R".
1 spme =g (wmgm 1920 CJERN ) for studying solvability of principal-t
Sy = )52 g2 ) ¢ used for studying solvability of p pal-type

differential operators satisfying Nirenberg-Treves’ condition.

When ¥ = () and & = (z) in Sy'g™*, the symbol classes correspond to the SG setting
used in [3, 2].
The notion ellipticity for the general symbol class S(M, g) is defined as below.

Definition 2.1.1. A symbol a is called globally elliptic (or G-elliptic) in the class S(M, g)
if a € S(M, g) and for some R > 0,

la(z, )| 2 M(z,8),  for x| +[¢] = R.

We refer to [58, Chapter 1], [54, Chapter 2] and [43, Chpater 18] for the pseudodif-
ferential operator calculus related to the symbol class S(M, g).
In this thesis, we consider a metric of the form

_ Jda* | |dEP?
9= 507 T @ (2.1.2)

which corresponds to metric in (2.1.1) with ®(z,¢) = ®(x) and ¥(z,&) = (&) = (K* +
|€2)1/2, for a large positive parameter k. The weight function is of the form M (xz, &) =
w(x)™ ()" for my, my € R. Here the functions w(x) and ®(z) are positive monotone
increasing in |z| such that 1 < w(z) < ®(2) < (x), where (z) = (1 + |2|?)"/2. Further,
note that w(z) and ®(x) are associated with the weight and metric respectively, and they
specify the structure of the differential equation in the space variable.

The metric go . satisfies the conditions (M1)-(M3) if ®(z) satisfies the following
properties:

1 < o(x) <1+ |z (sub-linear)
lz —y| < rd(y) = C'®(y) < d(z) < CP(y) (slowly varying)
O(x+y) SP(x)(1+y))° (temperate)

for all z,y € R"™ and for some r,s,C > 0. For the sake of calculations arising in the
development of symbol calculus related to the metrics gg 1, we need to impose following

16



2.2. Our Philosophy of Conjugation

additional conditions:

|D(z) — O(y)| <P(x +y) < O(z) + P(y), (Subadditive)
070 (2)] < @(a)(z)”",
O(ax) < ad(z), ifa>1,
a®(x) < ®(ax), if a € 0,1],

where 3 € Z7. It can be observed that the above conditions are quite natural in the
context of symbol classes.

The Planck function associated with the metric g is (P(2)(€)x)~". In general, we
need the metrics of the form

(Y (g e

k

3

p7
9o

=

B

where p = (p1,p2) , r = (r1,72) for p;,r; € [0,1], j = 1,2 are such that 0 < p, <
p1 < 1land 0 < ry <r < 1. The Planck function associated to the metric in (2.1.3) is
D2y )

In our work, we need the weight function w to satisfy the above stated properties of
® as well. In arriving at the energy estimate using the sharp Garding inequality, we also
need

w(z) < d(x), zeR™

~Y

2.2 Our Philosophy of Conjugation

It is well-known in the theory of hyperbolic operators (see [48, 12]) that the low-regularity
in £ needs to be compensated by a higher regularity in the x variable. For example, when
the coefficients are Holder continuous (C*([0,T]),« € (0,1)) in ¢, one needs to compensate
this irregularity in ¢ with Gevrey regularity (G°(R"),oc < 1/(1 — «)) in z, as seen in
[13, 12]. This balancing operation is the key to understand the loss of regularity. As seen
in the literature, conjugation brings this balance. Infact, conjugation links irregularity in
t, growth with respect to x variable of the coefficients to the weight functions defining the
solution spaces in a precise manner, see [12, Proposition 2.8] and [2, Proposition 3.1]. For
example, when the coefficients are in C*([0, T]; B*(R™)), the conjugating operator is of
the form e(P=)""7 ¢y > 0 while for the SG setting with coefficients in C*([0, T]; C*°(R™)),

/o 1(D,

the conjugating operator used in the literature is of the form e*®{(® 7) for some

function v € C([0,T]) N C*((0,T]).

In the global setting, solutions experience an infinite loss of both derivatives and
decay when the coefficients display strong blow-up, very strong blow-up or very fast
oscillations in ¢. In order to overcome the difficulty of tracking a precise loss in our context
we introduce a class of parameter dependent infinite order pseudodifferential operators
of the form e’®®@Dz) for the purpose of conjugation. These operators compensate,
microlocally, the loss of regularity of the solutions. The operator ©(x, D,) is in general
nonselfadjoint and it explains the compensation for the singularity in ¢ and decides the
quantity of the loss while the monotone continuous function v(t) gives a scale for the
loss. Hence, we call the conjugating operator as the “loss operator”.
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Geometry of the
Phase Space

Irregularity Loss Function Space
in t of # I:> for the
Coefficients Operator Solution

T

Growth
w.r.t x of
Coefficients

Figure 2.1: Our Philosophy of Conjugation

Our philosophy of conjugation is to design the loss operator that links the singular
behavior, growth rate in x and the geometry of the phase space to the loss of regularity.
In fact, the operator ©(x, D,) is such that O(z, &) is a function of h(z,&) = (®(x){E)x) ™
which is the Planck function associated to the metric gox in (2.1.2) and the quantity
V' (t)O(z, £) majorizes the symbols corresponding to the lower order terms obtained after
the application of a suitable diagonalization technique to the first order system corre-
sponding to the Cauchy problem in (1.0.1). See Theorems 4.4.1 and 5.3.1 for more
details. The appearance of Planck function h(z, ) in the definition of O(z,§) is justified
as it controls the extent of localization on the phase space.

One of our key observations is that the symbol of the operator arising after the
conjugation is governed by a metric g that is conformally equivalent to the initial
metric gg ;. The metric gg  is of the form

Gox = O(z,€)*ga 1.

The operators with loss of regularity index are transformed to good operators by
conjugation with loss operator. This helps us to derive good a priori estimates of solutions
in the Sobolev space associated with the loss operator by an application of sharp Garding
inequality followed by Gronwall inequality.

Apart from the well-posedness and regularity results that we obtain for the various
cases of singular behavior, the conjugation results (Theorems 4.4.1 and 5.3.1) of this
thesis are our key contributions to the literature.

2.3 Subdivision of the Extended Phase Space

Before we perform a conjugation, we need to “preprocess” the operator with singular
coefficients. This preprocessing step uses a careful amalgam of a localization technique
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on the extended phase space ([0, 7] x R} x Rf) and a diagonalization procedure already
available in the literature [50] to handle the singularity. It helps in diagonalizing the top
order terms in a first order system obtained from a singular hyperbolic partial differential
equation while the lower order terms are handled through conjugation.

As the Planck function holds information about the extent of localization on the phase
space, our localization technique that dictates the subdivision of the extended phase space
is dependent on this critical information. For a fixed (z, &), we define the time splitting

points t;jé, 1 <5 < my, for some my € N as

t9) = NG;(h(2,€))

where N is the positive integer, G;(r), > 0 is a function that depends on the order of
singularity (see for example Section 4.2 ) and h(x,&) is the Planck function associated
with the metric gg 5. For a fixed (z,£) we split the time interval as

0,77 =[0,t{) U, P u- U e 1.

We define the regions as below:

Z(N) = {((t,2,€)) : V.V <t <V}, j=1,...,my—1
Zng(N) = {((t,2,9) : ) <t < T}

with ti(g = 0. In all our cases my < 2.

The way we deploy these regions is that we first perform an excision of the irregular
symbol (for example, see Sections 3.4.1, 4.5.1 and 6.4.1) so that the resulting symbol
is smooth near ¢ = 0 that is in Z;(N). The difference of these symbols is localized in
Z1(N). Further, we deploy the diagonalization procedure (for example, see Sections 3.4.2,
4.5.1, 4.5.2, 5.5.2 and 6.4.2) to restrict the singularities arising from ¢-derivatives to the
appropriate regions. This kind of localization of the singularities allows one to come with
a function v(t)O(z, ) that is used to define the loss operator (for example, see Sections
3.4.1 and 4.5.3). More details and interpretation will follow in the respective chapters.
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Chapter 3

Mild and Logarithmic Blow-up

Knowing what is big and what is small is more important than being able to solve
partial differential equations.
— Stanislaw Ulam

Let us start with simplest case of blow-up rate - at most logarithmic. In this chapter,
we investigate the asymptotic behavior of the solutions to Cauchy problems as |z| — oo
when the singularity of the coefficients with respect to z-derivatives and t-derivative is
of order O(t7%),§ € [0,1), and O(t7|Int[771),5 € (0,1], respectively. We report that
the solutions experience an arbitrarily small (when 4 € (0, 1)) or finite (when 4 = 1) loss

in the Sobolev space index in relation to the initial datum defined in the Sobolev space
tailored to the metric and the order of singularity.

3.1 Introduction and Statement of Main Result

Let us consider the following protypical Cauchy problem:

Ofu — alt,x)Ayu =0, (t,x) € (0,7] x R”v} (3.1.1)

uw(0,2) = ui(x), Ou(0,x) = uz(x),
where the coefficient a(t, z) is in C*((0,T]; C*(R")) and satisfies the following estimates
a(t,z) > Cow(z)?, (3.1.2)

020a(t, 2)| < Cpw(x)?® ()~ % (m (1 + ;)>i(1+ﬂl)1 (3.1.3)

where 5 € Nj, C,Cy, Cs > 0. From (3.1.3) with || = 0, we have

la(t, z)| — |a(T, )| < |a(T, ) — alt,z)| < /tT 19,a(s, )ds| < C (m (1 v %)) w(z)?.
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Chapter 3. Mild and Logarithmic Blow-up

Since a(t, ) € C*([Ty, T)) for any Ty > 0, we have |a(T, z)| < Cw(z)?. Implying

la(t,z)] < C (m (1 + %))%@:)2, (3.1.4)

i.e., the coefficient a(t,z) has at most logarithmic blow-up at ¢ = 0.

Remark 3.1.1. The singular behavior quantified by (3.1.3) is a generalization of Cicog-
nani [9] to a global setting. Our conditions (3.1.3) confirm with the conditions on the
coefficients given in [9] for w(x) = ®(z) = 1 and 7 = 1. Moreover, we can also replace
(3.1.3) with the following general estimates as given in [9],

1
|8fa(t,x)| < C’gtle(:p)QCD(m)_lm, 18] >0,

(In(1 +1/t))7t
146218

(3.1.3%)

07 0a(t, )| < Cg w(a)*@(a) P, |8 =0,
for 61,85 € [0,1).
An example of a coefficient a(t, z) satisfying (3.1.2) and (3.1.3%) is given below.

Example 3.1.1. The function a(t) = (In(1+ (%)))i satisfies (3.1.3°) for w(x) =
O(z) =1, for 5o =0, ¥ =1/4, and for any 6, € (0,1) and .

IS,

—log (% =+ 1)
—log (% + 1)

2 4 6 8 10

PG

Figure 3.1: Sublogarithmic function (In (14 (1)))

Example 3.1.2. Letn=1, T =1, k1 € [0,1] and k3 € (0,1] such that k1 < ko. Then,
a(t,z) = (x)* (2 +sin ()" + cosz (Int)7) + (2 + cos(z)' ") (In(1 + 1/t))7)
satisfies the estimates (3.1.3°) for w(x) = (x)™, ®(x) = (x)** and for any é1,02 € (0,1).

In [9], Cicognani discussed well-posedness of (3.1.1) for the case ¥ = w(z) = ®(z) =1
in (3.1.2) and (3.1.3%), where the author reports well-posedness in C*°(R™) for the Cauchy
problem (3.1.1) with a finite loss of derivatives. In this chapter, we extend the result of
Cicognani to the case of generic weight functions w and ® and for any 7 € (0, 1].
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3.1.1 Sobolev Spaces

The Sobolev spaces related to the metric goy in (2.1.2) and tailored to the order of
singularity are defined below. Let s = (s, $2) € R? and k > 1.

Definition 3.1.1. The Sobolev space %gfg&(w) for p e R and 5 € (0,1) is defined as

HT(RY) = {v € LA(R") : @(x) (D)3 e H+E@DD0y € [2(R™)}, (3.1.5)

In(1+®(-)(D)

equipped with the norm ||v||e ks s = | ®(-)*2 (D)3 et D7) 2.

The subscript & in the notation Hy"%7(R") is related to the parameter in the operator

(D) = (k* — A,)2. Observe that el (n(1+2(x) (D)) jg o pseudodifferential operator of
an arbitrarily small positive order in both z and D, for 4 € (0,1). When p = 0, the
above spaces correspond to the following spaces.

Definition 3.1.2. The Sobolev space Hg, ,(R™) for s = (s1, 52) € R? and k > 1, is defined
as
1 (RY) = {u € I2(R™) : &) (D)'w € I2(R™)}, (3.16)

equipped with the norm ||v||e ks = || P(-)* (D)5 v]| 2.

When @(z) is bounded and k = 1, Hg ;(R") correspond to the usual Sobolev spaces

H*(R™), s € R. Some remarks on the relation between the spaces Hgfﬁﬁ(R”) and H3 . (R")
are in order.

Remark 3.1.2. For any p € R, we have
1. Hyt*(R") < Hgfﬁ (R") — Hj Y“(R™), when 7 € (0, 1),
2. %gfgl(Rn) = HyH(R"),

where v > 0 is arbitrarily small and e = (1, 1).

3.1.2 Main Result

Let us generalize the problem (3.1.1) and consider

{p@,x,at,Dx)u(t,x):f<t,:n>, Dy = =iVy, (t,x) € (0,T] xR, (3.1.7)

u(O,oc) = fl(m)a atu(()?x) = f2(x)a

with the strictly hyperbolic operator P(t,x,d;, D,) = 0? + a(t,z, D,) + b(t, x, D,) where

a(t,z, &) = Z a;;(t, )&  and btz ) = iij(t,x)ﬁj +by1(t,x).  (3.1.8)

i,7=1 7=1
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Chapter 3. Mild and Logarithmic Blow-up

Here, the matrix (a; (¢, z)) is real symmetric for all (¢, 2) € (0, T|xR", a; ; € C*((0,T]; C>*(R™))
and b; € C([0,T]; C>*(R")). Similar to the estimates in Remark 3.1.1, we have the fol-
lowmg assumptions on a(t, z, &) and b(t, x,§)

a(t,z,€) > cow< (€)2, Co> 0,
0£0fa(t, 7.€)| < Capy; L) (@) 2 a2 0,18] > 0, (3.1.9)
|0200b(t, 2, €)| < caﬁwm)@(x)-‘ﬁ*@ﬁ"“‘,

and either of the following estimates

0807 0sa(t, 2, €)| < Cag (ln(ltﬁi / ;I))&_lw(m)%b(x)_ﬂl(f)i|a, (3.1.10)
02020101, < Cosrerr @) b(a) € (3.1.107)

where ¢; € [0, 1),j =1,2,3 and (¢,z,§) € (0,7] x R* x R". Note that C,p is a generic
constant.

The following theorem states that the solution to the Cauchy problem (3.1.7) expe-
riences no loss when (3.1.10%) is satisfied. On the other hand, when (3.1.10) satisfied,
the solution experiences arbitrarily small loss and finite loss for 4 € (0,1) and 5 = 1,
respectively. Let e = (1, 1).

Theorem 3.1.1. (Zero/ Arbitrary Small/ Finite Loss) Consider the strictly hyperbolic
Cauchy problem (3.1.7) satisfying the conditions (3.1.9) and (3.1.10 or 3.1.10%). Let the
initial data f; belong to Her (@=De i = 1,2 and the right hand side f € C([0,T]; Hg )
Then, denoting § = max{51,52}, for every e € (0,1 — ¢) there are ko, k1 > 0 such that
for every s € R? there exists a unique global solution

we € (0,751 O e (10,7): 35,0 07).

where

At) = Ko + K1t /e, when (3.1.10) is satisfied,
o, when (3.1.10") is satisfied.

More specifically, the solution satisfies an a priori estimate

Z”aj ||<1>ks+1 —j)e,—A(t),y <C(Z||f]||<l>ks+2 je /Hf ||<1>ks —A(T d)

(3.1.11)
for0<t<T, C=0C,>0.

3.2 Subdivision of the Phase Space

One of the main techniques in proving Theorem 3.1.1 is the division of the extended phase
space J = [0,7] x R™ x R™, where T" > 0, into two regions using the Planck function
h(z,&) = (®(x)(€)r)" of the metric ggy, in (2.1.2). As we will see in Section 3.4.1, the
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3.3. Parameter Dependent Global Symbol Classes

main utility of these regions is to handle the low regularity in ¢. To this end we define
tye, for a fixed (z,€), as the solution to the equation

N
() (&)

where N is the positive constant chosen appropriately later. Using ¢, we define the
interior region

t =

Zit(N) = {(t,2,6) € T: 0 <t < tyc} (3.2.1)

and the exterior region
Zent(N) ={(t,z,§) € J it e <t <T}. (3.2.2)

In the following section, we use these regions to define the parameter dependent global
symbol classes.

3.3 Parameter Dependent Global Symbol Classes

We now define certain parameter dependent global symbol classes that are associated
with the study of the Cauchy problem (3.1.7). Let m = (my,my) € R% Consider the
metric gy’ as in (2.1.3).

Definition 3.3.1. G™"(w, g§,) is the space of all functions p = p(x,§) € C®(R*)
satisfying

sup  sup <§),;m1+pl‘Ol'*mlﬁ'w(:c)’m?@(x)”|ﬁ|””2‘°‘|lﬁngp(x,6)\ < +00
o,BeN (z,£)eR™

For the sake of simplicity, we denote the symbol class G2 (w, g((;”lg)’(l’o)) as G2 (w, go k).

Observe that the derivatives of \/a(t, z,§) show stronger singular behavior compared
to a(t, z, &) defined in (3.1.8) due to the blow-up. Thus, in order to handle the stronger
singular behavior of the characteristics of operator P in (3.1.7), we have the following

symbol classes. Let us denote
_ 1\ \7
- (1)) so

Definition 3.3.2. G™2{ly,l5; 7, p}int.N (W, 9o i) for li,lo € R and p € [0, 1)is the space
of all t-dependent symbols a = a(t,x,&) in C1((0,T]; G™ ™ (w, go 1)) satisfying

0a(t,z,€)| < Cool€)y™ w(a)md(t),

1

pl2
98 D2a(t,2,6)| < Cas©) ™ io(a) ™0 () (;) |

for all (t,z,§) € Zine(N) and for some Cyp > 0 where o € N and f € N™.
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Chapter 3. Mild and Logarithmic Blow-up

Definition 3.3.3. G™"2{ly,ls,l3,14; 7, p}eat N (W, go i) forl; e R,j=1,...,4 and p €

[0,1) is the space of all t-dependent symbols a = a(t,x,&) in C*((0,T]; G™ ™ (w, go 1))
satisfying

1 L+p(l2+8])

|8?Dfa(t,x,§)] < Caﬁ<§>lef\a|w(x)m2q)($)—|ﬂ\ <t) Q(t)l3+l4(|a\+|ﬁ|)

for all (t,z,£) € Zewt(N) and for some Cop > 0 where o, f € Nj.

Given a t-dependent global symbol a(t,x, ), we can associate a pseudodifferential
operator Op(a) = a(t,z, D,) to a(t,z,&) by the following oscillatory integral

oftz, Dult,) = [ [ Dtz ult )y
R2n
= (2n) [ e tattr il O
R
where d¢ = (27)7"d¢ and 4 is the Fourier transform of  in the space variable.
We denote the class of operators with symbols in G™™2(w, g5",) by OPG™ ™2 (w, gg" ).

We refer to [58, Section 1.2 & 3.1] and [24] for the calculus of such operators. The calculus
for the operators with symbols of form a(t, z, &) = a1 (t, z, &) + as(t, z,£) such that

ay € Gml’mz{ih 52;7,51}int,N1 (Wygé,k)7
az € G" {4, 1o, 13, 1457, 62 Feat, Ny (W, G 1)

for Ny > N, is given in Section A.1 of Appendix A.

3.4 Global Well-Posedness

We first give the proof of Theorem 3.1.1 when (3.1.10) is satisfied and the case for (3.1.10%)
follows in similar lines. There are three key steps in the proof. First, we factorize the
operator P(t,z,0;, D,) in (3.1.7). To this end, we begin with modifying the coefficients of
the principal part by performing an excision so that the resulting coefficients are regular
near t = (. Second, we reduce the original Cauchy problem to a Cauchy problem for a
first order system (with respect to d;). Lastly, using sharp Garding’s inequality we arrive
at the L2-wellposedness of a related auxiliary Cauchy problem, which gives wellposedness

of the original problem in the Sobolev spaces Hg"”.

3.4.1 Factorization

From (3.1.10), we observe that a(t,z,&) is L' integrable in ¢. More precisely, a(t, z, &) is
sublogarithmically bounded at ¢ = 0, i.e.,

la(t, =, €)] < Cw(z)?()30(t), C >0, (3.4.1)
where (t) is as in (3.3.1). We modify the symbol @ in Z;,(2), by defining
a(t,z, €) = p(tP(x){Eh)w (@) ()i + (1 — o(t@()(E)x))alt, 7, €) (3-4.2)
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for p e C*(R),0<9p<1,9=1in[0,1] , » =0 in [2,+00). Note that
(a—a) € G**{1,1;8 binta(w, gox) and (@ — @) ~ 0 in Zeu(2).

This implies that t°' (a—a) for ¢ € [0,T] is a bounded and continuous family in G**(w, ga 1 ).
Observe that a — a is L' integrable in ¢, i.e.,

T 2/®(x){ )k _
/0 (0 — @) (t, 2, Oldt < row(@)2(€)? / (1)t
< row(@)(€)x(n(1 + B(x) (€))7

Let 7(t,z,£) = \/a(t,z, &) and § = max{d,d2}. It is easy to note that

(3.4.3)

i) 7(t,z,€§) is Ge-elliptic symbol of order (1,1) i.e. there is C' > 0 such that all
(t,x,&) € [0,T] x R™ x R™ we have

|7(t, 2, 8)] = Cw(z){E)k-
H) T(t7 xz, f) S Gl’l{o? 07 :)/7 O}int,Z (wa gq),k) + G171{07 07 17 17 :Y, 51}eazt,1 (UJ, gfb,k)-
iii) By definition

O (t,w,8) = 2i [@(2){€)re (t2(2) (i) (w(2)(E)i — @) + (1 — (t@(2)(€)x))Ora]

T
Hence,

8t7' ~ 0 in Zlnt(1)7

atT € G272{17 1? ;5/7 51}int,2(q>7 g@,k) in Zznt(2) \ Zznt(l)a

a157_ S G1’1{17 07 ]-7 ]-a ’7a 5}ewt,1(wa g‘b,k) in Zext(l)‘

To be precise, there are Cy, C,z > 0 such that for (¢,z,€&) € [0,7] x R" x R™ and
la| > 0,]5] > 0 we have in Z;(1),

|8?D58t7-(t7x7£)| ~ Xint(l) 0 }
|07 (t, 2, €)| < Co (Xint (2) — xane (1)) @(2)*(€)7 (1),

in th(Q) \ th(l)’

Eal N
™

|08 DE0iT (8, 2,)] < Cap (Xint(2) = Xint(1)) ®(2)*(€)

TN
~
=g
=

in Zext(l)a

orr(.2.9)] < Co xemr (D€l L,

Fronl—1 S0
08D 0,7(t, 2, €)] < Clag xext<1><£>,i'aw<x>q><x>5'9% - G(%BM
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Chapter 3. Mild and Logarithmic Blow-up

Here yint(N1) and Yeq(Nz) are the indicator functions for the regions Z;,;(N;) and
Zewt(No), respectively. From the properties (i-iii) of 7 and by the definition of @ in
(3.4.2), we have the following two lemmas.

Lemma 3.4.1. Let ¢,&" be such that 0 < e <& <1—6. Then,
i) 7€ C0,T) G+ wde, g 000,
i) 771 € C(0, 7] 611w, g ),
iii) t'E0T(t, -, ) € G”E"l(u@e/,g((;’,f)’(l_(s’o)), for allt € 0,T].

Proof. The first two claims follow from Proposition A.1.1 while the third from the obser-
vation that in Z.(1)

0(+)\1+|al+| 8| !
a (L) < i < (2@

t

Lemma 3.4.2. Let ¢ be such that 0 < e <1—46. Then,

i) 5 (alt, v, Dy) — 7(tw, D.)?) € C([0,T); OPGY w, g0 ),
ii) 1<(alt,z, Dy) = alt, @, Dy) € C(0,T]; OPGY w, gs)).

Proof. The proof is a consequence of the fact that t'-<0(¢)'*1*1*17 is bounded and con-
tinuous for all ¢ € [0, 7] and for all a, 8 € N{. O

We have the following factorization for the operator P(t,x, s, D,)
P(t,z,0,,D,) = (0, — iT(t,x, D,))(0; + iT(t,x, D)) + (a — a)(t, z, D) + a1(t, z, D,)
where the operator a(t,z, D,) is such that, for ¢ € [0, 7],
ay = —il0y, 7] +a@— 7>+ band t'cai(t,x, D,) € OPGHEI’l(wCIf/, gé{f)’(l_g’o)).

We define the functions (¢, z,€) and 9y (¢, x, &) in L*([0, T]; C=(R?*™)) as

bo(t,x,8) = Crp(t® () (E)i)w(x)()r0(1),

. 1 (3.4.4)
bilt,2,€) = Cy (soucb(x)<s>k>w<x><s>k9<t> - go(t@(xx@k))—) ,

for some C7,Cy > 0, such that

(@ —a)(t,z,¢)]
w(@) ()

< ¢O(t7xa§) and <7— < ¢1(t’m’ )
x k
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Let ¢ = thy + ¢1. We observe that t'=¢) € C ([0, T]; G=<(®, g4 )) and OLoLY(t, x,€) is
supported in Z;,;(2) for |a| + 3] > 0. Hence,

T 2/®(x)(E)k _ T é(t)lf%
dt <C 0(t)d d
/0 it el (W(m)@k/o " t+/1/<1>(x)<s>k ¢ t) (3.4.5)

< C(In(1+ 2(2) (€))7,
and for |a| + 8] > 0,

/0 08 DY (r, 2, &)ldr < CO ()€ (n(1+ @(2){€))) Xine(2)

The function 1 is used for making a change of variable while arriving at an energy
estimate.
3.4.2 Reduction to a First Order Pseudodifferential System

Next we obtain a first order 2 x 2 pseudodifferential system equivalent to the operator
P by generalizing the procedure used in [9]. To achieve this, we introduce the change of
variables U = U(t, x) = (uy (¢, z), ua(t, z))*, where

{ul(t, ) = (0, + ir(t, z, D,))ult, z),
us(t, ) = w(z)(De)pult, ) — H(t,x, Dy)ug,

and the operator H with the symbol o(H)(t,x,&) is such that
(1 - ¢(t2(@)(€)1/3))

T(t7 x? 5)
Note that by the definition of H, supp o(H) Nsupp o(a — a) = () and we have

o (H)(t,2,€) = —e(2) €)s

0(2iH(t,z,D;) o7(t,x,D;)) ~ 0, in Z;u(3),
0(2iH (t,x, D) oT(t,x, D)) = w(@){E)p(1 4+ 0(K71)), in Zew(3),

where U(Kl) € GiLil{Ov Oa ’5/7 51}int,6<w7 g@,k) + Gil’il{ov 17 27 ]-7 ’N)/v 51}6.1’t,3 (w7 g@,k)‘ Then7
the equation Pu = f is equivalent to the first order 2 x 2 system:

LU = (0, +D+ Ay + A)U = F, (3.4.6)
U(O>x) = (f2+i7<0’x7Dz)flv¢<x)<Dx>f1)T7 a

where

F= (f(t’ LE), _H(t’ Z, Dx)f(tv x))Tv
D = diag(—it(t,x, D,),ir(t, z, D,)),

A _( BoH  By\_ (R B
0~ \—-HByH HB,) \-R; R.)’
A _ (Bl B,

'\ By, M, 7IM'—HB,)"
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Chapter 3. Mild and Logarithmic Blow-up

The operators M, M, By and B; are as follows

M = w(x)(Da)r, M= (D$>,;1w(.r)_1,

By = (a(t,x, D,) — a(t,x, D,)){(D,); 'w(z) ™,

By = (=i0y7(t,x, D) + a(t,x, D,) — 7(t,x, D,)* + b(t, x, D,)){D,); 'w(x) ™!,
By =2iHT — M +i[M,7|M'H +i[r, H — HBH + 0, H.

By the definition of operator H, we have ByH = Ry,HBy = Ro, HByH = Rj3 for
Rj € GT7®(w,gak), 7 = 1,2,3, and the operator 2¢H7 — M is such that

w()(

)
(2)(€)

The symbols of operators D, Ay and A; are such that

§>k7 in Zznt<3)u
k

U(QiHT—M):{_ .
w o(K1), in Zey(3).

o(D) € G"'{0,0;7, 0} ine2(w, gox) + GV1{0,0, 1, 159,61 et 1 (w, ga k)
o(Ag) € GYM1,1579, 61 bint2(w, gox) + G772{0,0,0,0; 9, 0} err 3(w, go ),
o(A) € Gl’l{ov 059, 0}ints(w, gar) + GO’O{L 0,1,1;9, 0 eat,1 (W, 9o k)

+G"°{0,1,2,1;7, 6Yeat 3(w, go i)

(3.4.7)

and thus, by Propositions A.1.1 - A.1.2 and Remarks A.1.2 - A.1.3, for every ¢ < 1 — ¢,

720 (Ao(t) € C ([0, T]; G (w, o)) »

' o _ 3.4.8
1 %0(Ai(1)) € C (10,71 G (w, g5 ). -

As in (3.4.4), one can define positive functions
Yo, 1 € LY([0,T]; C=(R™)) N C((0,T]; C>*(R™)), where
Vo(t,2,€) = Cop(t®(w)(€)r/3)0(t)w(x){E),

_ Ok (3.4.9)
Ui(t,z,§) = Ch (w(tfb(w)<£>k/3)9(t)w(w)<€>k + (1 = p(t@(x)($)x)) ) ,

for an appropriate choice of Cy, C'y > 0, satisfying the estimates
|0(Ag)] <o and  [o(A))] < ¢

The function 1/; = 1/;0 + 1;1 satisfies

/ 1D(t, 2, €)[dt < roo(In(1 + () (E)1)),
0 (3.4.10)

/0 t 08 D2 (r, 2, €)dr < rag® () PHE) ™ (In(1 + @(2)(€)r)) T xins (6),
for |a| + 8] > 0.
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3.4. Global Well-Posedness

3.4.3 Energy Estimate

In this section, we prove the estimate (3.1.11). Note that it is sufficient to consider the
case s = (0,0) as the operator ®(z)*(D);' L(D), ' ®(z)~**, s = (s1, S2), satisfies the
same hypotheses as L.

In the following, we establish some lower bounds for the operator D + Ay + A;. The
symbol d(t,z, &) of the operator D(t) + D*(¢) is such that

de GO’O{Oa O; :}/7 O}int,Q(wa g@,k) + GO’O{Oa 07 17 1; ﬁNY? 61}611‘/71((’“}’ g‘b’k)'

It follows from Proposition A.1.1 and Remark A.1.4 that t'~°d € C([0,T]; G*°(w, go 1)
Thus

C
2R€<DU,U>L2 Z _tl_—a<U7U>L27 C >0. (3411)

We perform a change of variable, which allows us to control lower order terms. We

set
Vi(t,z) = e JovlraDadrpr(y o), (3.4.12)

where U(t, x,€) is as in (3.4.9). From (A.1.6) and (A.1.7), we observe that the operator
et Jo ¥(ra.Da)dr ig 3 pseudodifferential operator whose order is arbitrarily small if 5 € (0,1)
and finite if ¥ = 1. Applying Lemma A.1.7 to the identity operator we see that

efg &(r,x,Dz)dT€* fot @(r@, Dy )dr =]+ Kél)(t’ x, Dm)v (3 4 13)
6_ fOt’lZ('f‘,x,Dz)drefOt QL(T,x,Dz)dT = _[ + K§2)(t7:p7 Dm)’ B

where for every ¢ < 1 and j = 1,2,

(In(1 + ®(2)(E)x)) To(KS) €G40,0;,9, 0}int (P, gor)
+ G_e{ov Oa 07 Oa ’?7 O}ext,l(q)a g@,k)-

By Proposition A.1.2, the symbol of operator Kéj) is in GC149¢(w; g k). We choose
k > ki for large k; so that the operator norm of Kéj ), J = 1,2 is strictly lesser than 1 and
the existence of

(I + K9 (t,2, D)7 =Y (1Y K (2, D), j =12 (3.4.14)

is guaranteed. The equation (3.4.12) implies that

U(0,z) = V1(0,x),
1Tt ) l@k:0,0),-m0 < 2[Valts M2 s ko >0,0<t < T, (3.4.15)
Ult,z) = (1+ KSV(t, 2, D,)) " elo 2Dy (¢ 2y,

Here Ky is same as k45 appearing in (3.4.10) for « = § =0 . For L as in (3.4.6), we have
LU = (8, + D+ A)(1 + KV (t, 2, D,)) elo ?reDa)dry — o A = Ay + A
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Chapter 3. Mild and Logarithmic Blow-up

Note that

0y(1 + K§V)Lelo ¥(raDa)dryy,
<8t(1+K ) ) JgdtraDa)drys (1 4 g{D)Les b Dadrg i o DYV (3.4.16)
+ (1 + KWy lel blraDa)drg v

Observe the third term on the RHS of the above e>;:pression. To obtain a new first order
pseudodifferential system in &;, we first apply e Jo ¥@D=)dr(1 4+ V) on the left of L.
In the light of (3.4.13) and (3.4.16), the resulting operator will have a term of the form

(1 —|—K2(2))8t. Hence, we apply (1+K2(2))_1 on the resulting operator to obtain a first order
pseudodifferential system, formally equivalent to the one in (3.4.6), L1V} = F; where

Li=0,+D+¢yI+ A+ Ry, A—A0+A1,

Fi= 1+ K@, 2, D)) e Jo orwDadr (1 4 k(¢ 2, D,))F.
Here the operator D, Ay, Ay are as in (3.4.6). Noting (3.4.7) we apply Lemma A.1.7. This
yields for an arbitrary small € > 0,

(In(1 + @(x)(E)r)) "o (Rn)
€ G§’1{17 17 5/7 51}int,6 (wq)_1+€7 g@,k) + G0’1{07 07 ]-7 ]-7 ’5/7 5}6:1:15 1(WCI)_17 gq?,k)
+ Gil’l{L 07 17 1; :}/7 5}ext,1<q)717 g@,k) + Gil’l{ov 1 2 17 e 5}ext 3( ) g@,k)-

Using the compensation procedure outlined in Remark A.1.4, one can show that
175 (In(1 + () (€)x)) To(Ry) € C([0, T]; G*0(D; 650 Y), 0<e<1—46.

For an appropriate choice of Cy, 1 > 0 in the definition of ¢ as in (3.4.9-3.4.10), we
observe that I + A satisfies

21 + o(A+A*) >0,
EE (DL + 0(A)) € C([0,T); 67 (@, g 00)).

Here A = Ag + Ay with Ag and A; as in (3.4.6)-(3.4.8). We now apply sharp Garding

inequality (see [43, Theorem 18.6.14] to the operators 2] + Ay and 21 I + A separately.
The symbols of these operators are governed by the metrics gg j and ng) (1=60) respec-

tively where the respective Planck functions are h(z,&) = (®(z)(€)x)~" and h(z,€) =
O (x)~1H9(€) 1. Notice that the symbol of Ay has the weight function w(x)(¢);, while
the Planck function of the governing metric is given by h(z,&). Hence, for the application
of sharp Garding inequality, we need

w(z) < O(2).
Ensuring this yields

2Re((I + A)Vi, Vi) > —Ct 145V, V)2, C > 0. (3.4.17)

32



3.4. Global Well-Posedness

As for the operator R, since the symbol t!=¢(In(1 + ®(z)(£))) 'Ry is uniformly
bounded, for a large choice of k1, the application of sharp Garding inequality yields

2Re(R1 A, Vi)ze > =i (2Re((In(1 + @(2) (D)) Vi, Vi) gz + [Villie).  (34.18)
We make a further change of variable
Vo(t,z) = e #OWA+S@WDIDNTY, (1 2) pu(t) = kit /e, (3.4.19)
where £, is the constant as in (3.4.18). Let
(EHO(10(@) (D)) FuO I EE@DDT — [ 4 K& (¢ 2 D),
where K:,Ei) (t,2,£) € C([0,T]; G "Hw, gax)). As in (3.4.14), we choose k > ko, ko large,

so that (I + Kg(,i)(t,x, D,))"! exists. From now on we fix k such that & > max{ky, k2 }.
Further, note that

Val0,2) = U(0,2),
10 lor00.-ams < 2O Ve iz, A() = o+ mtfe ,0 <t < T,

Vi(t,2) = (1 + K$SP(t, 2, D))~ et Ome@Da0) (¢, 1),
(3.4.20)
This implies that LU = F' if and only if L,V, = F, where

Ly =08, 4+ D+ (I + A) + (rat(In(1 4 ®(2)(D,)x))7 + Ry) + Ry (3.421)
Fy=(I+ K?()*)(t’x,Dx))—le—u(t)(ln(l-i-q)(m)<Dx>k))'_Y(]-_'_ K}(,Jr)(t,x, D.))F: 4.
and the operator Rs is such that its symbol is in
G070{17 1; ’?7 51}int,6(q)7 gq),k) + G070{17 07 17 17 ;5/7 5}63:15,1((1)7 g@,k>7

in other words t'°Ry(t,z,§) € C’([O,T];G0’0(<I>;g((1>17’,f)’(1_5’0)). From (3.4.11), (3.4.17),
(3.4.18) and noting the fact that the operator ' Ry is uniformly bounded in L?(R")
for 0 <t < T, it follows that

C

tl—s

2 R‘e<IC‘/27 ‘/2>L2 Z -

(Va, Va)p2, C >0, (3.4.22)

where K = D+ (Y1 + A) + (kit 7 (In(1 + ®(2)(D,)1))? + Ry) + Ry. From (3.4.21) and
(3.4.22), we have
Oe|Vallze < C(t™5NVallLe + [1F2]122)-

Considering the above inequality as a differential inequality, we apply Gronwalls lemma
and obtain that

t
\M@N@éa”ﬁ@w@wm+éu&@wmm)
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Chapter 3. Mild and Logarithmic Blow-up

for t € [0,T]. In other words, from (3.4.20),

0N a1 < O™ (WO + [ 1 osnnions dr)

Returning to our original solution u = u(t, z), we obtain that

ZH@U ||<I>ks+l —fe,—A(),F

2 t
< O ( S sllewsase+ [ 1 akn-sos ch) -
j=1

This means that the original problem (3.1.7) is well-posed for u = u(t, x), with
uec<[ T Mo >m01<[0 T); My M0 )

This shows that when (3.1.10) is satisfied one has an arbitrarily small loss if 4 € (0, 1)
and finite loss if 4 = 1. When (3.1.10%) is satisfied instead of (3.1.10), the proof follows
in similar lines. Note that the condition (3.1.10%) suggests that the the coefficients are
bounded in ¢. This implies that the majorizing functions in (3.4.9) are zero order symbols
in both z and ¢ as J3 € [0,1) in (3.1.10%). Implying that the elliptic operators in the
changes of variable as in (3.4.12) and (3.4.19) are order zero pseudodifferential operators
and hence one can take A(f) = 0 in the above discussion. This suggests that there is no
loss in regularity index. This concludes the proof.

3.5 Anisotropic Cone Condition

Existence and uniqueness follow from the a priori estimate established in the previous
section. It now remains to prove the existence of cone of dependence.

We note here that the L! integrability of the singularity plays a crucial role in arriving
at the finite propagation speed. The implications of the discussion in [68, Section 2.3 &
2.5] to the global setting suggest that if the Cauchy data in (3.1.7) is such that f = 0
and f1, fo are supported in the ball |x| < R, then the solution to Cauchy problem (3.1.7)
is supported in the ball || < R + c¢*w(z)A(t)t. Note that the support of the solution
increases as |z| increases since w(x) is monotone increasing function of |x|. Recall that
0(t) = (In(1 4 1/t))7. The quantity tA(t) is bounded in [0,T]. The constant ¢* is such
that the quantity ¢*w(z)@(t) dominates the characteristic roots, i.e.,

¢ = sup{ a(t, 2, &)w(@) 6™« (t,2,€) €[0,T] x RY x RY, |¢] = 1}. (3.5.1)

Here a(t, x,§) is as in (3.1.8).
In the following we prove the cone condition for the Cauchy problem (3.1.7) as in [76,
Section 3.11]. Let K (2°,¢°) denote the cone with the vertex (z°,t°):

K (%1% = {(t,z) € [0,T] x R" : |z — 2°| < Fw(z)0(t° — t)(t° —t)}.

Observe that the slope of the cone is anisotropic, that is, it varies with both x and t¢.
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3.5. Anisotropic Cone Condition

Proposition 3.5.1. The Cauchy problem (3.1.7) has a cone dependence, that is, if

Hliom =0 filk@omngeoy =0 1= 1,2, (3.5.2)

then
U] g (40.40) = 0- (3.5.3)
Proof Consider t° > 0, ¢* > 0 and assume that (3.5.2) holds. We define a set of operators
P.(t,x,0,, D,),0 < e < gy by means of the operator P(t,z,0;, D,) in (3.1.7) as follows
P.(t,x,0,,D,) = P(t+¢,2,0, D), t € [0, T — go]l,z € R,

and gy < T — t°, for a fixed and sufficiently small ;. For these operators we consider
Cauchy problems

P, = f, te[0,T —¢gg, x € R",
OF1.(0,2) = fu(z), k=12

Note that v.(¢t,z) = 0 in K(2°¢°) and v, satisfies an a priori estimate (3.1.11) for all
t € 0,7 — gp]. Further, we have

P. (v, —ve,) = (Py — Py sy, t€[0,T — e, z € R",
af_l(vﬂ - 1)52)(071‘> =0, k=1,2.

Since our operator is of second order, for the sake of simplicity we denote b;(¢,x), the
coeflicients of lower order terms, as ag;(t,z),1 < j <n, and b,41(t,z) as ago(t, x). Let
a;o(t,z) =0, 1 <i <mn. Substituting s — e for s in the a priori estimate, we obtain

1
Z Hag (061 - U62>(t7 ) H‘I)7k§5—(j+/\(t))e
=0
t
S C/ ”(Psz - PE1)U€2 (7—7 ')||<I>,k;s—e—A(T)e dr (354)

< C/ Z H az] T+ €1,T ) ai,j(T + 527'T))Dijvez(7—a ')H{D,kz;s—e—A(T)e dTv

1,7=0

where Doy = I, Dy = 0,i # 0,Do; = 0,;,j # 0 and Dy; = 0,,0,,,%,7 # 0. Using the
Taylor series approximation in 7 variable, we have

T+e1
|a’i7j<T+€17 ) CLZJ 7-+€2, ‘ == ‘/ 8ta” T, $)d7’"
+e2
e (1) 3.5.5
< w(x ) (t) Wdr) ( )
T4€2 r

< w(l‘)2|E(T, €1, €2>|7

where

E(7,€1,€2)

I
RN
=
N
—_
+
22
+
N
\_/
\/
2



Chapter 3. Mild and Logarithmic Blow-up

Note that w(z) < ®(z) and E(1,e,e) = 0. Then right-hand side of the inequality in

[l

(3.5.4) is dominated by

t
c / E(r, 21, 20) 020 (7, Yoo 1oy -
0

where C' is independent of . By definition, E is L-integrable in 7.
The sequence v,,, k = 1,2, ... corresponding to the sequence g, — 0 is in the space

(o, 1) mge) (10,17 ™), 17 >0,
for an arbitrarily small v > 0 and v = klim Vg, in the above space and hence, in
—00
D'(K(2°t%)). In particular,

(u, @) = klim (Ve 0) =0, Yo € D(K(mo,to))
—00

gives (3.5.3) and completes the theorem. O

3.6 Existence of Counterexample

Let us consider a Cauchy problem of the form

O*u(t,z) + c(t)A(x, D)u =0, (t,z) € [0,T] x R,

u(0,2) =0, dhu(0,x) = f(x), (3.6.1)

where A(z, D,) = (z)(I—A,)(z) is a G-elliptic (see Definition 2.1.1), positive, self-adjoint
operator with the domain D(A) = {u € L*(R") : Au € L*(R")} and the propagation
speed ¢(t) is in C'([0,7]) N C* ((0,T]). In order to show that there exists a propagation
speed ¢(t) for which the Cauchy problem (3.6.1) has infinite loss of regularity (decay and
derivatives), we extend the techniques developed by Ghisi and Gobbino [35, Section 4]
to a global setting.

Let us first define the following special class propagation speeds.

Definition 3.6.1. We denote CV (pu1, jip, 0) as the set of functions ¢ € C([0,T]) N
C1 ((0,T)) that satisfy the following growth estimates

0<p <clt)<p tel0,T], (3.6.2)
O(t
I (t)] < C%, t € (0,77, (3.6.3)
for a positive and monotone decreasing function 6 : (0,T] — (0,+00) satisfying

lim 6(t) = +o0. (3.6.4)

t—0t

The set CY (1, pa, 0) is a complete metric space with respect to the metric

0y (erc2) = sup Jen(t) — cal®)] + sup {ﬁca(t)—ca(t)\}.

te(0,T) t€(0,7)
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3.6. Existence of Counterexample

A sequence ¢, converges to some c,, with respect to the metric d; if and only if
Cn — Coo uniformly in [0, 7] and for every 7 € (0,7, ¢, — ¢, uniformly in |7, T].

Definition 3.6.2. We call D (1, p2) the set of functions ¢ : [0,T] — [u1, po] for which
there exists two real numbers Ty € (0,T) and pg € (p1, 2) such that c(t) = pg for every
t €[0,Ty).

For the sake of simplicity, let us denote C'Y (ju1, p12,6) and D (u1, p2) by CM) and D,
respectively.

Remark 3.6.1. From [35, Proposition 4.7], we have that D N CY is dense in CV). The
weight factor % appearing in the definition of the metric di plays a crucial role in proving
the above denseness result.

The main aim of this section is to prove the following result.

Theorem 3.6.1. The interior of the set of all ¢ € CY (1, po, @) for which the Cauchy
problem (5.6.1) exhibits an infinite loss of regularity is nonempty.

Since the operator A is positive and G-elliptic, and the symbol
o(A") ~ (2)*(£)** 4+ lower order terms, for x € R,

the Sobolev spaces associated to the Cauchy problem (3.6.1) are H ?5’2”. We characterize

the Sobolev spaces fo’Qm(R”), m € Z, using the spectral theorem [58, Theorem 4.2.9]
for pseudodifferential operators on R”. The theorem guarantees the existence of an or-
thonormal basis (e;(x))2,,e; € S(R"), of L*(R™) and a nondecreasing sequence (\;)$,

of nonnegative real numbers diverging to +oo such that

Aei(r) = Ne;(x). (3.6.5)
Using A\;s we identify v(z) € H?;;’QM(R”) with a sequence (v;) in weighted ¢?, where
v; = (v, €;) 2. One can prove the following proposition using Riesz representation theorem
showing the correspondence between H 2”; 2™ (R™) and a weighted (2 space.

Proposition 3.6.2. Let (v;) be a sequence of real numbers and m € Z. Then

[e.e]
szel HQ"; MR if and only if Z N2 < +oo.
i=1
Proof. Let m be a positive integer and v = »"° wv;e;(z). Suppose v € H?;;L’Qm. This
implies that

[A™ |2 =

o0 [ee]
A™ g vie; () E viAe;(x
=1 i=1

This is yields the desired result for positive m.

Z 112)\20‘ < 400.

L2 L2
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Chapter 3. Mild and Logarithmic Blow-up

Now, let w = Y7, wie;(z) be such that "7 A7 *"w? < 4o00. Then,

- - 12/ o 1/2
(w,v) = Z w;v; < (Z )\Z-_zo‘w?) (Z A?“vf) < +o00.
i=1 i=1 i=1
Implying w € ngm’_m as v € H?;;wm.
Conversely, let w € H &?m’_Qm. As H <_x ?m’_2m is dual of H (2;;’27“, the Riesz representa-
tion theorem shows that there is a u =), u;e;(x) € H ?;;Qm such that
o0

(w,v) = (U, V) yamam = (A"u, A™0) 2 = Z A5

(z) -
i=1

Implying w =Y~ wie;(x) =Y ooy AiMuze;(x). Since v € H?;;’Qm, it follows that

oo o0
g )\;2’” 12 = E /\12’”u22 < +00,
i—1 i=1

as claimed. 0

The solution to (3.6.1) is u(t,z) = Y .2, u;(t)e;(x) where the functions u,(t) satisfy
the decoupled system of ODEs

wi (t) + c()A\ui(t) =0, i eN, te(0,T]
for O,u(0,x) = f(z) = > 2, fie:(x).
Definition 3.6.3. (Infinite loss of regularity) We say that the solution to (3.6.1) expe-

riences infinite loss of regqularity if the initial velocity f € H?:;’Qm for all m € Z* but

(u, Opu) ¢ H&?mﬂ’ﬁmﬂ X H&ffn’*zm for any m € Z* and for t € (0,T].

Following the terminology of Ghisi and Gobbino [35], we now introduce special classes
of propagation speeds: universal and asymptotic activators. Let ¢ : (0, +00) — (0, 400)
be a function.

(3.6.6)

Definition 3.6.4. A universal activator of the sequence (\;) with rate ¢ is a propagation
speed ¢ € L' ((0,T)) such that the corresponding sequence (u;(t)) of solutions to

"

u; (1) + c()N2u;(t) =0, w;(0) =0, ui(0)=1, (3.6.7)
satisfies

lim sup (|u;(t)|2 Y. \u,;(t)|2> exp (=6 () =1, Vte (0,T]. (3.6.8)

1—+00

Then the solution u to problem (3.6.1) is given by
u(t,z) =Y faui(t)ei(x).
i=1
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Definition 3.6.5. A family of asymptotic activators with rate ¢ is a family of propagation
speeds {ca(t)} € L' ((0,T)) with the property that, for every 6 € (0,T), there exist two
positive constants Ms and \s such that the corresponding family {ux(t)} of solutions to

uf (1) + ex(t)Nur(t) =0, uxn(0) =0, u4(0) =1, (3.6.9)
satisfies
Wb () + A2 ua(8)]? > Myexp(26(\), YVt € [6,T], VYA>As. (3.6.10)

One can note that (3.6.8) is a qualitative statement which appears to be weaker
than the quantitative estimate (3.6.10). But a careful observation shows that (3.6.8) is
stronger as it concerns the family of equations (3.6.7), where the propagation speed is
the same for every i, while (3.6.10) concerns the family of equations (3.6.9), where the
propagation speed depends on A. Following result by Ghisi and Gobbino establishes a
crucial connection between universal activators and infinite loss of regularity.

Proposition 3.6.3. (Ghisi & Gobbino [35]) By considering a subsequence of (\;)52, (as
in (3.6.5)) if required, let us assume, without loss of generality that

EOO l < +00
— )\ .
i=1
Let ¢ € LY((0,T]) be a universal activator of the sequence (X\;) with the rate ¢. If ¢ is

such that
i 20
p——+o0 111,0

= +00, (3.6.11)

then the solutions to problem (5.6.1) exhibit an infinite loss of reqularity according to
Definition 5.6.5.

The following result establishes a passage from asymptotic to universal activators
using the Baire category theorem.

Proposition 3.6.4. (Ghisi €& Gobbino [35]) Let ¢ : (0,400) — (0,+00) be a function
such that ¢(p) — +o00 as p — +oo. Let C C L' ((0,Ty)) be a subset that is a complete
metric space with respect to some metric de with the property that convergence with respect
to dc implies convergence in L*((0,T]). Let there be a subset D C C, dense with respect
to the metric dc, such that for every c € D there exists a family of asymptotic activators
(cx) € C with rate ¢ such that ¢y — ¢, always with respect to the metric de. Then, for
every unbounded sequence (X;) of positive real numbers, the set of elements in C that are
universal activators of the sequence (N\;) with rate ¢ is nonempty and residual in C.

The outline of the proof of Theorem 3.6.1 is as follows. Let C denote the set CY) and
de denote the respective metric d;. Due to the denseness of the set of initially constant
functions, D in C, for every ¢ € D there exists a family of asymptotic activators (c,) € C
with rate ¢ such that ¢y — ¢ with respect to de. The existence of families of asymptotic
activators converging to elements of a dense set implies the existence of a residual set
of universal activators. Since the problem (3.6.1) exhibits an infinite loss of regularity
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whenever c¢(t) is a universal activator, construction of couterexample amounts to the
existence of such asymptotic activators. Once the asymptotic activators are constructed
and if ¢ is such that ¢(p) — 400 as p — 400, then Proposition 3.6.4 guarantees that
the set of elements in C that are universal activators of the sequence (\;) with rate ¢ is
residual in C. In addition, if the function ¢ satisfies (3.6.11), then by Proposition 3.6.3
we can show that for each of the universal activator ¢(t) of sequence (\,) with rate ¢ the
solution to problem (3.6.1) exhibits infinite loss of regularity. Thus, we are left with the
construction of asymptotic activators with rate ¢ satisfying (3.6.11).

Proof. (Proof of Theorem 3.6.1) We consider T} and v such that 0 < T} < T and
0 < 1 < 9? < g, and define a initially constant speed ¢, : [0, T] — [u1, 2] such that

c.(t) =~% Vte[0,T].

For every large enough real number A, let a) and by be real numbers such that

2w
i 1/4 1/2
ay — L/\ J s b)\ : ’_y)\ L)\ J

where |a] stands for integer part of a real number a. Observe that

YAax

b
e N and A0

b
0<aA<2aA<—’\<b,\<T1,
2 2 s

eN. (3.6.12)
Let us choose a cutoff function 7 : R — R of class C*° such that 0 < #(r) < 1, o(r) = 0 for
r <0 and 7(r) =1 for r > 1. Setting 0y := min {6 (b,),In A}, we define ¢, : [0,7] — R
as

0 if t € [0, ax] U [by, Ty
b if ¢ € [2ay, by/2]

EA(t) = GTA D t;zx) ifte [CL)\, 2a ] (3613)
N7 2“’;;“) if £ € [by/2, by

Using the functions c.(t) and e,(t) we define ¢, : [0,7] — R as

ex(t) == cu(t) — 527(;) n(29\) — 2 2(7;)2 in?(y L) — 62\'5?)\2 Sty (3.6.14)

By Propositions 4.8 and 4.9 in [35], (ca(t)) is a family of asymptotic activators with rate

9}\ \-)\1/2J
PN =gyt (L)\l/ﬂ) ’

and d; (cy,c.) = 0 as A — +o00. Since ¢, is a generic element of a dense subset, we see
that these universal activators cause an infinite loss of regularity.

]
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3.7 Discussion

In this chapter we have shown that when the singularity is at most logarithmic, the
solution experiences at most finite loss in regularity index. We now comment on the
optimality of the loss.

Is the logarithmic blow-up (¢ =4 = 1,p = 0 in Definition 1.2.3) a threshold for the
finite loss? Yes. In fact, in Theorem 3.6.1 we have shown through an example that when
the blow-up rate of the first ¢-derivative exceeds O(t7!), one indeed encounters infinite
loss of regularity. The techniques used in this chapter in fact suggest that the loss of
infinite order is quite expected.

Suppose that the propagation speed c(t) satisfies the estimate (3.6.3), then the fol-
lowing observation

(In(1/t))~* /tT | (t)|dt — 00 as t — 01,

along with the region definitions given in Section 3.2 imply that the averaged behavior
of the majorizing function ¢ in (3.4.9) is given by

T

(In(1 + @(x)(f}k))lf [(t, z,&)|dt — +o00 as |z| + || — oo.

0

This suggests that the function spaces involved in the change of variable (3.4.12) are of
exponential order in both x and D,. For example, if 6(¢t) = In(1/t), then the function
spaces are of the form

{U c LQ(RTL) . en(ln(l—l—@(m)(Dx)k)Qu c LQ(Rn)},

and the loss is quantified in these spaces. Thus, knowing the nature of §(¢) allows one to
quantify the infinite loss of regularity.
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Chapter

Oscillations and Strong Blow-up: q = 1 Case

When a problem of partial differential operators has been fitted into the abstract
theory, all that remains is usually to prove a suitable inequality and much of our
new knowledge is, in fact, essentially contained in such inequalities.

— Lars Garding

The study of global well-posedness and regularity issues in case of oscillatory coeffi-
cients presents new difficulties from the point of view of the associated pseudodifferential
calculus and energy estimates. The study is complete only in the case of at most slow
oscillations in time and B> (R™) regularity in space, see [69]. Though certain special cases
of fast oscillations are studied in [50], [16] and [75] via the construction of a parametrix,
Colombini, Del Santo and Reissig remark in [16] that the case of fast oscillations remains
still open, let alone the case of very fast oscillations. They also show that one cannot
expect C'*° well-posedness in case of very fast oscillations.

In this chapter, we settle the well-posedness issue for the case of oscillatory behavior
in time and at most polynomial growth in space using the method of energy estimates.
In order to show the generality of our methodolgy, we allow the coefficients to be either
oscillatory or blowing-up near ¢ = 0. Since the case of at most logarithmic blow-up is
already treated in the previous chapter, we consider the case of strong blow-up in this
chapter. We construct a loss operator depending on the behavior in z and the singularity
in t. The order of this operator determines the quantity of loss in the regularity index.

Singular Loss of
Behavior Regularity Index
Very Slow Oscillations Zero
Slow Oscillations Arbitrarily small
Fast Oscillations Finite
Very Fast Oscillations (¢ = 1) Infinite
Strong Blow-up Infinite

Table 4.1: Quantity of loss in the regularity index depending on the singular behavior
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

4.1 Introduction and Statement of Main Results

Let us consider the prototypical Cauchy problem:

(4.1.1)

OPu—a(t,z)Ayu=0, (t,z)€[0,T] x R",
uw(0,2) = ui(x), Ou(0,x) = us(x),

where the coefficient a(t, z) is in C?((0,T]; C*(R")) and satisfies the following estimates

a(t,z) > Cy w(x)?, (4.1.2)
alt, )| < CLY O(t) w(z)?®(z)™, (4.1.3)
|928,alt, )| < CF @ w(z)?®(z) P, (4.1.4)
020}a(t, )| < C (@) ()20 (), (4.1.5)

where (t,z) € (0,T] x R", 8 € N3, Co,CY > 0,5 = 1,2,3. Here 6,0, : (0,+00) —
(0, 400) are some positive nonincreasing smooth functions such that 6(t),8(t),¥(t) > 1.

Remark 4.1.1. From (4.1.}), we have the following estimate

! @ds.

S

T
2a(T. ) ~ Ofalt.a)| < [ |030.a(s,2)lds < Coolo)*(a) ! [
t t

Since, with respect to the t-variable, 0%a(t,x) is in C*([Ty,T)) for any Ty > 0, we have
10%a(T, x)| < Cw(z)?®(x)~18l. Implying

10%a(t, )| < Cpw(x)?®(x)~ V" /T —~ds.

t S

Hence, we define 0(t) as

() = {C ftT %) qs,  when a(t,-) is unbounded (4.1.6)

1, otherwise,

for some C' > 0. The definition (4.1.6) of 0 suggests that it grows at least as | Int| near

t=0 and |6(t)| = @ when the coefficients are unbounded in t.

Below are certain examples of a(t,z) satisfying (4.1.2) - (4.1.5). Let n = 1, k1, kg €
[0,1] and T be sufficiently small.

Example 4.1.1. a(t,x) = 4(z)?>** (2 + sin ((x)17"2)) ¢(t) where
c(t) =2+ e M gin (| lnt|2ae“ntllia> ,  Jor some a € (0,1).
Here w(z) = 2(z)™, ®(x) = (z)™,0(t) = 3,0(t) = | Int|*, and ¥ (t) = | Int|'~.
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2.10 A

2.05 1

2.00

v'v‘o‘o‘ QA A

1.95 A
1.90 —tsm
—e( log( )t )sm( (log (3)7) log (%)) +2
1
0.’00 0.’02 0.'04 0.|06 O.|08 0.|10

Figure 4.1: Behavior w.r.t time variable for the Examples 4.1.1 and 4.1.2

100 A

—log (% + 1)4 + sin (log (1)) + 2

80 1

60

40 A

20 A

Figure 4.2: Plot of Example 4.1.3

Example 4.1.2. a(t,z) = 9(x)2(2 + tsin(1/t)). Here w(z) = 3(z), ®(z) = (x),0(t) =
0(t) =1 and Y(t) =In (1 +1).

Example 4.1.3. a(t,z) = 2+ (In(1+1/t))* + sm(lnt) Here w(z) = ®(z) = 1,0(t) =
(In(1+1/6)*,0(t) = (In(1 + 1/t))3, and ¥(t) =

We define a function 9 : (0, 4+00) — (0, +00) as

0(3) = 0000 + vio), (4.17)

This function plays a crucial role in performing conjugation and in defining Sobolev
spaces. The rate of growth of ¥ defines the quantity of the loss in regularity. For the
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

purpose of pseudodifferential calculus in our context, we need 9 to satisfy the following
estimate

4’

v(r)
%19(7”)

—, TE€ R* (4.1.8)
’

<(j

for some C; > 0. Note that the above estimate is natural for logarithmic-type functions.
The goals of this chapter are as follows:

1. Analyze the loss of regularity when

9(1/t) < Ciln (1 + %) . (4.1.9)

This is the case for very slow to fast oscillations. When the coefficients are only
dependent on time, the well-posedness issue is addressed using the energy methods
by Ghisi and Gobbino [35] via the spectral theory of self-adjoint operators and
by Reissig [69, Theorem 8] via Fourier transformation with respect to z. In this
chapter, we extend the results to a global setting using pseudodifferential calculus
and energy methods.

2. Analyze the loss of regularity when (4.1.9) is violated i.e.,

v/ _ oo, and

t—0+ | 1nt| N

s () (o llD)

for some 1 < 91 < po. This is the case for very fast oscillations (¢ = 1) and
strong blow-up (at most as |Int|",r > 1). When the coefficients are independent
of z, Colombini et al. [16, Theorem 1.2 and 1.4] have shown that one can not
expect C'*° well-posedness in the case of very fast oscillations. In this chapter, we
establish global well-posedness for the both the cases and quantify the infinite loss
of regularity using infinite order pseudodifferential operators.

(4.1.10)

To handle the singular behavior in the global setting we propose a new localization
technique on the extended phase space. We employ a diagonalization procedure to arrive
at an equivalent first order system whose symbols contain singularities localized in certain
regions of the extended phase space. This helps in arriving at an appropriate loss operator
for conjugation so that one can microlocally compensate the loss of regularity. The loss
operator is of the form

e’ ()0@D), (4.1.11)
where v € C([0,T]) N C*((0,T]) and O(z, &) = 0(O(z, D,)) is defined as
O(w, &) = V(@ (x)(€)x) = 0(h(x,€)) (B(h(w,€)) + ¢(h(x,€))) (4.1.12)

When (4.1.10) is satisfied, the operator in (4.1.11) is of infinite order in both x and D,.
The operator ©(x, D, ) explains the quantity of the loss by linking it to the metric on the
phase space and the singular behavior while v(t) gives a scale for the loss. The symbol of
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4.1. Introduction and Statement of Main Results

the operator arising after the conjugation is governed by a metric g j that is conformally
equivalent to the initial metric gg . The metric gg j is of the form

ok = O(2,€)*ga - (4.1.13)

This is discussed in Section 4.4.

4.1.1 Sobolev Spaces
Following are the Sobolev spaces defined using the loss operator.

Definition 4.1.1. The Sobolev space Hfb’fk;@(Rn) for s = (s1,89) € R? and § € R is
defined as

Hioro(R") = {v € L*(R") : *°CP)d(2)(D, )5t € L(R™)}, (4.1.14)
equipped with the norm ||v||e k055 = ||65@("D)(I>(-)32(D)ZlvHLz.

Here the operator O(z, D,) is as in (4.1.12). When ¢ satisfies the estimate in (4.1.9),
the operator e?©@P=) is a finite order pseudodifferential operator. In that case, the
Sobolev spaces ’Hgfgk;@(R”) are of the form given by the following definition.

Definition 4.1.2. The Sobolev space Hg (R") for s = (s1,55) € R? is defined as

Hj (R") = {v e L*(R") : ®(x)**(D,);'v € L*(R™)}, (4.1.15)
equipped with the norm ||[v||e ks = || P(-)* (D)5 v]| 2.
Remark 4.1.2. (Relation between ’Hgfk;@(]R”) and H3 ,(R"))

1. If 9 is a bounded function then we have the equivalence Hg ,(R") = Hgfk;@(R”), as
O(z,&) is a bounded function in both x and &.

2. If lim 2WH — o, Hghee(R™) C Hf}fk;@(R”) C Hg “(R") for every e > 0.

3. If ¥(1/t) = Coln(1 + 1/t) for some Cy > 0, then H;;CO‘SG(R") = Hgfk;e(Rn). Here
O(z,€) = Coln(1 + 2(2)(E)k)-

4.1.2 Main Results

Let us generalize the problem (4.1.1) and consider

{P(t, z, Dy, Do)u(t,z) = f(t.x),  (t,x) € (0,T] x R", (4.1.16)

U(O,I) = fl(l‘)a 6tu<07x) = fQ(I)

with the strictly hyperbolic operator P(t,z, Dy, D,) = —D? + a(t,x, D,) + b(t,z, D,)
where

n

a(t,z,§) =Y aj(t,x)§4  and  b(t,x,&) =i Y bi(t,2)& + busa(t,2).  (4.1.17)

jl=1 j=1
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

The matrix (a;,(¢,z)) is real symmetric with a;; € C?((0,7]; C*(R")) and the lower
order coefficients b; € C([0,T]; C>(R")). The assumptions on P are as follows

alt,z,€) > Co(€)iw(x)?, (4.1.18)
020%b(t, 2, €)| < Cop(€)y (@) ®(x) 1, (4.1.19)

for (¢t,2,€) € [0,T] x R™ x R™ and

020%a(t,2,€)| < Copl€)y “w(x)?@(x)74(t), (4.1.20)
0¢0L0(t,2,€)| < Cup (€2 (@) XL, (41.21)
0()?

02022 alt, ,€)| < Capl€)y w(z)?®(z) 1P =t ® (4.1.22)

t2 ’
for (t,z,€) € (0,T] x R" x R", o, f € Np.

Following are the main results of this chapter whose proofs are presented in Section
4.5. Let e = (1,1).

Theorem 4.1.1 (zero, arbitrarily small or finite loss). Consider the strictly hyper-
bolic Cauchy problem (/.1.16) satisfying the conditions (4.1.18) - (4.1.22) and (4.1.9).
Let the initial datum f; belong to H[;;C(Q_j)e(R"), j = 1,2 and the right hand side
f € C(0,T]; Hg ,(R™)).  Then, for every e € (0,1) there ewist ko,rk1 > 0 such that
for every s € R? there is a unique global in time solution

we (10 (0.1 Wit O ).

7=0

where B
{mo + k1t /e,  when 0 is unbounded
r(t) =

Ko + K1it, otherwise.

More specifically, the solution satisfies the a-priori estimate

CZH@J H(bk@ —k(t),s+(1—j)e Zl‘fj“@ks—&-Q —j)e
(4.1.23)

T / 17, Mo s6rys A7
0

for0<t<T, C=Cs>0.

In view of the Remark 4.1.2, we see that when 6(t),0(t) and (t) are all bounded i.e.,
O(x,&) ~ 1, we have no loss. When 9(1/t) ~ In(1 4 1/t) i.e., O(z,§) ~ In(1 + ®(z)(&)x),
we have at most finite loss of regularity. In between both the cases, the loss is arbitrarily
small. The above result not only extends [69, Theorem 8] to the case of coefficients
depending on x and unbounded in ¢ but also to a global setting and hence settles the
well-posedness issue for the oscillatory behavior case.
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Theorem 4.1.2 (Infinite Loss). Consider the strictly hyperbolic Cauchy problem (4.1.16)
satisfying the conditions (4.1.18) - (4.1.22) and (4.1.10) with generic constant Cup re-

placed by CC|, K5 as in (4.5.6). Let the initial datum f; belong to ?—lf;k@@j e (R™),

0 > 0,5 = 1,2 and the right hand side f € C([O,T],H;iﬁ;@( ™),092 > 0. Then, for

every € € (0,1) there exist 0*, Ko, k1 > 0 such that for every s € R? there exists a unique
solution

ve 0 (07O m)),

7=0

where

K

(t) Ro + R1(To® —t%) /e,  when 0 is unbounded
) Ro+ (T — 1), otherwise,

and Ty = min{d*, d1, 92 }. More specifically, the solution satisfies the a-priori estimate

CZH@” e ro,70),5+(1—s)e ZHfJH@k@n(O) s+(2-)e

t
+/ 1 (7)o 0,70m),5 T
0

(4.1.24)

for0<t<T* C>0.

4.2 Subdivision of the Phase Space

We divide the extended phase space, J = [0,T] x R" x R", into three regions using the

Planck function, h(z,&) = (®(2)(¢)x)~", and the functions 6,6 and ¢ which specify the
order of singularity. Let us define ¢, ¢ and #,¢ for a fixed (z,&) as

Loc = N h(@,00(h(z.&).  and
o = N bz, ©)f(h(z.€))8(h(x, £)* ),

where N is the positive integer. For a fixed (z,&) we split the time interval as
(0,71 = [0, t0.6] U (tag: ue] U (fr6, T

and define the regions as below:

Zimt(N) ={(t,2,€) € J: 0 <t < t,¢},
Zmia(N) ={(t,2,6) € J 1 tpe <t <tu¢},
ezt(N) = {(t,l’,ﬁ) eJ: L:x’g < t}

Note that for all (z,£) € R?",
h(2,€) <tpe <tpe <T. (4.2.1)
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

Remark 4.2.1. When 0(t) and ¢(t) are bounded functions we see that tye ~ tye. In
such a case, given (x,&) we split the time interval and the extended phase space as

[07 T] = [07 tﬂﬁf] U (txf, T]v
J = th(N) U Zea:t(N)-

We do not need the region Zya(N). An example of such a case is - 6(t) ~ (In(l +
1/t))ﬁ,9~(t) =(t) = 1,5 € [0,400). In [16] where fast oscillating coefficients depending
only on t are dealt, the authors subdivide the extended phase space into two regions -
Zint(N) and Ze,t(N) using the time splitting point t,¢.

4.3 Parameter Dependent Global Symbol Classes

In this section, we define parameter dependent global symbol classes whose geometry is
governed by the metrics go 5 and o as in (4.1.13). Let m; e Rfor j =1,...,6.

Definition 4.3.1. Gg}™ (m1,my) is the space of all functions a = a(x,§) € C=(R*)
satisfying the symbolic estimate

08 DY, )] < Cap(€)i" ™o)™ (),
for constants Cop > 0 and all o, € Nj.

We denote by G~ the class of symbols in

ﬂ Ggljc’mz (ml, mg).

m1,maER
Note that C,3(> 0) is a generic constant.

Definition 4.3.2. G™™2(w, g 1) is the space of all functions a = a(z,&) € C*(R*")
satisfying the symbolic estimate

108 DEa(w, €)] < Capl€)f ™ w(a) 2@ (2) 1710 (x, )\l 15D,
for constants Cop > 0 and all o, € Nj.

Definition 4.3.3. G {mg}(w,g@ﬁk)g\l,) is the space of all functions a(t,z,§) in
C%((0,T); C=(R?*)) satisfying

0g Dla(t, 2, )| < Cap(€)i " w(a)™ @ (x) G (t)™ (4.3.1)
for constants Cop > 0 and for all (t,z,£) € Zin(N) and all o, B € Ni.

Definition 4.3.4. G"™"2{mg, my, ms }(w, gq>7k)§\2,) is the space of all functions a(t, x,§) €
C?((0,T]; C>=(R?™)) satisfying the symbolic estimate

|8§‘D£a(t, z, )| < C’ag(£>$1_‘a|w(x)m2®(x)_‘ﬂ| (@) mgé(t)m“mf’('awﬁ'). (4.3.2)

for constants Cop > 0 and for all (t,z,§) € Zmia(N) and all o, B € Nj.
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4.3. Parameter Dependent Global Symbol Classes

Definition 4.3.5. Gm1’m2{m3,m4,m5,m6}(w,g<p7k)§$’) for ms > my, is the space of all
functions a(t,z,&) € C*((0,T]; C=(R?*")) satisfying the symbolic estimate
0(t)

m3
08 Dlalt, 1,61 < Conle)y ey aa) (B ) emetgyresmaten i, 133

for constants Cop > 0 and for all (t,z,§) € Zewt(N) and all o, f € N

Similar to Definition 4.3.2, we can define G™""™2{m3}(w, §¢7k)§\1,),
G {mg, ma, ms }Hw, Jo.r) and G {ms, my, ms, me }H(w, Jor) -

Remark 4.3.1. When 0(t) is a bounded function, we have

G™mHmgb(w, gex)y = G HOYHwW, ga k)N s
G g, ma, ms} (, ga )y = G {ms, 0,03 (w, ga k) (4:34)

G g, ma, ms, me Hw, go k) = G H{mg, ma, 0, 01w, ga k)N -

Given a t-dependent global symbol a(t,x,£), we can associate a pseudodifferential
operator Op(a) = a(t,z, D,) to a(t,z,&) by the following oscillatory integral

a(t,x, Dy)u(t,x) = e (t, x, E)ult, y)dyde
!
_ / e Ealt, 7, €)il(t, €) dE.
Rn

where d¢ = (2m) "d€.
As for the calculus of symbol classes G™ "™ (w, go 1), we refer to [58, Section 1.2 &
3.1]. The calculus for the operators with symbols in the additive form

a(t7$7£) :al(t7$7€)+a2(t7$a€)+a3(t7$a§)v for
a; € G2 {Th?,}(%g@k)g\l/),
(2)

S (4.3.5)
s € {mg,m4,m5}(W,9¢,k)N

as € G"M? {mS, My, M, mg}(W, g’i’,k)g\?;)

is given in Section A.2 of Appendix A. The calculus for the ggj versions of the symbol
classes follows in similar lines. This requires that the function O(z, £) is sub-additive and
sub-multiplicative both x and £ variables separately i.e.,

Oz +y,6) < O(O(x,8) +O(y,€), Oz +y,§) <CO(x,6)0(y,§),

O(z,& +1) < O(O(x,€) +O(x,m),  O(x,&+n) < CO(w,6)O(x, 7).
In fact, the sub-multiplicative property can be derived from the sub-additivity as © > 1.
While dealing with the case of infinite order loss, we need to keep track of the weight

sequences with respect to both x and £. To this end we replace the generic constant Cyz
by CC{a\K(m such that

! /
inf —CjKj - < g 000(@8)
€N (D(z)(E)w)? ™~
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

The calculus of the operators with symbols governed by such weight sequences can be
developed in similar lines to the calculi given in Section A.2 of Appendix A and Section
A.3 of Appendix Awhich are based on the standard techniques from the book [58, Section
6.3].

4.4 Conjugation by an Infinite Order Pseudodifferential Operator

In this section, we perform a conjugation of operators with symbols of the form (4.3.5)
by e’®®@Dz) Here we assume that v(t) is a continuous function for ¢ € [0,7]. When
e’ Dz) i5 an infinite order pseudodifferential operator, we need to consider an appro-
priate weight sequence so that the conjugation is well-defined. For this reason one can
replace the generic contant C,s appearing in the definitions of the symbol classes with
CC|, K[g satistying the condition (4.3.6).
The following proposition gives an upper bound on the function v(¢) for the conjuga-
tion to be well defined.

Theorem 4.4.1. Consider a symbol a(t,x,§) as in (4.53.5) where the generic constant Cyg
in the symbol estimates (4.5.1)- (4.53.3) is replaced by C’CM IBI satisfying the condition
(4.3.6). Let v =v(t) € C([0,T]) N C*((0,T]). Then, there exists &* > 0 such that for
v(t) > 0 with v(t) < 0,

3
e/ WO@D) (¢ o D )e " NO@D) — (¢ D) +Zrﬂ (t,x, D,), (4.4.1)
7=1

where r(j)(t,x, D,),j =1,2,3, are such that

O, &) 1Tl(’1 (&) € L™ ([O’T]; G l;_l(q)j@’k)) zfé 1s bounded

Oz, &) P (t,x,€) € L™ ([0,T); G 17(D, Goy)) | ’
1720 (2, &) MV (¢, 2,€) € C ([0,T]; G% (D, Go ) —
1720 (2, &) P (t,x,&) € C ([0, T); G 7(®, Goi)) | ’

while O(z, &)~ (t,x,€) € Lo([0,T]; G=) for every e € (0,1) and I = max{m;, m] +
my,m; +ms},i=1,2.

To prove Theorem 4.4.1, we need the following lemma, which can be given an inductive
proof.

Lemma 4.4.2. Let 6 # 0. Then, for every o, 8 € Z;, we have
858?@59(1”5) < ((]5)\a|+|ﬁ\a!5!eé@(z,£)q;(x)—lﬂ\<§>I;|a|@(x7§)|a|+\6|_

Proof of Theorem /.4.1. Throughout this proof we write v in place of v(t) for the sake
of simplicity of the notation. Let a, (%, z,£) be the symbol of the operator

exp{vO(z, D,)}a(t,x, D,) exp{—vO(z, D,)}.

52



4.4. Conjugation by an Infinite Order Pseudodifferential Operator

Then a, o(t,z,£) can be written in the form of an oscillatory integral (for example, see
[51, Chapter 2]) as follows:

ot z,€) = / s / eV NeT O I gt 1 4 2, € 4 1) (4.4.2)

e VPV dx dCdydn,

Taylor expansions of exp{rO(z,&)} in the first and second variables, respectively, are

df, and

w'=x+01y

,y@(z+y§) 71/@(‘%,5 +Z/ y] /6 —vO(w'£)

vO@ ) = orO®e) +Z/ (G +m:)0 xw)\ df,.

w=£+02(n+¢)

We can write a, g as

3
ave(t,z,&) =a(t,z,£) + Zrl(,l)(t,a:,f) where

r®(z, &) = /---/e‘iy'"e_iz'glla(t,:v + 2,& + n)dzdCdydn,

and I;, [ = 1,2, 3 are as follows:

del )

L = @0 Z/ YOy 1€ —vO) P
I3 = <g /01<<i + Ui)@wie”@(x’w)‘w:£+92(<+n)d92>
. (jzn;/ol yjawge_ye(w’,f) w’;r—&-@lydel).

Denote the indicator functions for the regions Z;, (N), Zmia(N) and Ze. (N) by x1,
X2 and xs,respectively. Let m} = max{my, m|, m1} and mj = max{ma, m), ms}.

We will now determine the growth estimate for r,(,l)(t, x, &) using integration by parts
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

(see for example, [70, Section 1.4]). For a, B,k € (Z§)" and | € ZT we have

Ogalr)(t, @, €)

=Y Y S [ e e =@ ol Dyata 2.6 )

j=1 B+B"<B o/ +a" <a

1
“ /0 05/ 08" 0, 1O~ )

d6dzd(dydn

w'=x+01y

= XS [ [ e s i 0o 03
]:1 ﬂ/+ﬁ//§ﬁ a/_j’_a//Sa
X (Dy)RD:){ Dy (08 0) Deya) (2 + 2, + 1)

1
X / <Dy>il8§“”af3"aw;ezx(@(axé)—@(w’,g))
0

xT

db,dzdCdydn.

w'=x+01y

Using the easy to show inequality ®(x + 2)" < 2I"®(z) @ ()", vr € R,

B,y e (O =0 &) < Ei(t,x,y,8)®(z + 01y) ' O(z + 61y, £)
J w'=x4+01y
< CEq(t, x,y,6)®(z) ' ®(y)O(x,£)O(y, £).

where Fi(t,z,y,§) = exp{v(0(z,€) — O(z + 61y,£))}. From the following estimation

21 21 -
. _ / @(I + ‘91% g) !
97 ev(O(2,£) -0 (w'£)) < CE:(t (—
) j; ui€ w'=z+61yl 1t 2,9,) ; O(z + 01y)
21 j
(In22(x + 01y) (€)r) |’
<CFE
< Ch Z ( O(x + 01y)

J=0

B Y (AT T Vi

= O(x + Oy)ile O(x + 01y)7/e2
< CEi(In(€)5)**,

we have
(DN B\ (t,x,y,&) < OB (t, x,y, &) (In(€) )%,
Let

Gt 2, ) = xawl(x)™ (€)™ + xaw(a)™ (€)1 (@)m G(tymtmb kBl

+ Xsw ()™ (€))" (@)ms emat O ()ms+mo(lal+|Bl+1+4D)

Note that for |y| > 1 we have (y) < v/2|y| and in the case |y| < 1 we have (y) < v/2.
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4.4. Conjugation by an Infinite Order Pseudodifferential Operator

Using these estimates along with the fact that (y)~1*l < ®(y)~1*l we have

10202 (t, 2,6)] < CCOly 41 K g1, &) PP (2) 1181 e) TG (2, 2, €)

DD M Ry PO B TR

B'+p"<B o' +a"<a

X Oy, &) I T )t )
CIIHIK\/K\ o o o

X ) (@) L O ) Q) Mz dCdyd,

Given «, 8 and &k, we choose [ such that 21 > n + max{m}, m3} + |a| + | 5] + ||. So that

10202 (t, 2,6)] < CCly 41 K g1 O, )PP (2) 1181 g) G (2, 2, €)

< [ ((nl(€h) ™00y, 1"
C! K|

] | T
< @ Oy

Noting the inequality (4.3.6), we have (In({£);))?2'0(y, &)1 1A 1+1"le=000(:6) < Ce$0we).
Thus,

102027V (¢, 2,6)] < CCOly 41 K511, &) HHPID () 1181 e) TG (2, 2, €)

< [exp {v(©(0.6) ~ O+ 1.) — TO(5.€) iy

Since

O(z,§) —O(z + 01y,&) < O(2,€) — (O(x,§) — O(01y,€)) (4.4.3)
<

@(01],/, é-) < @(y7 5)7

and dy is independent of v, there exists 6 > 0 (in fact 67 = %) such that, for v(t) < &;
and g; as in (4.1.10) we obtain the estimate

10205V (¢, 2,6)] < OOy K541 O (@, &) HHPIG () 17181 e) TG (2, 2, €)

4.4.4
SR CIE R ) (44.4)

In view of Propositions (A.2.1)-(A.2.3), we have

Oz, &) rM € L= ([0, T); G4 H(D, Gax)) , if 0 is bounded
=20 (z, &) rM e C ([0, T); G=% (D, o)) otherwise

_ ~ / /
for I5 = max{mg, mj + mj, my + ms}.

In a similar fashion, we will determine the growth estimate for ri?) (t,x,£). Let
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

a,B,k € (Z§)" and | € ZT. Then

O 85 (t z,§)

SN XY [ [ e o,

i=1 B'+B"<B o/+a" <a

)i O DD (D) (9807 Do)t + 2,6 + 1)

x (y
1
y / oo awiey(é)(x7w)—9(x»f))‘ dOdzdCdydn,

w=E&+02(n+C)

=Y Y Y [ [ s ot o

i=1 B'+8"<B o’/ +a/ <a

)i O DR DR (D) (98 07 Dusa)(t,w + 2,6 + )

X (y
1
x / 8?"35”81“e"@“‘”)‘e(““f”‘ adzdidydn
; w=£+62(n+¢)

Let Ey(t,z,&,n,() = exp{v(O(z,& + 02(n+ () — O(x,&))}. We have

|080rP (¢, 2,€)| < CCly 1 K511 O(, &) AP (2 )’1"5‘<£>;1_'“'G(t,x,£>

Y [ [tamiag g

B'+B"<B a’+a’"<a
< (2O i+ O Clei Kl A1)
- (@) (C)x(m))

s (2) 2 )y P By (8 2 €, O dzdC dy dny,

where we have noted the estimate
<D<>il<D77>ilE2 (ta Z, 57 77) C) S CE2 (t’ Z, 57 77) C)(ln (I)(ZIZ'))4'92[7

as in the case of r\"). In this case we choose I such that 21 > 2(n + 1) + max{mj,mi} +

[ +18]+ |5]. Noting ({n)(C)) ™ < (C+n)y" and (In®(z))ierle0Ownte) < o= Ot
from (4.3.6) we get

0292rP(t,x 5>r<cqa|+le+1 (2, s)l*la‘“ﬁ'cw )11l g)
x G(t,z,€)0 // —2(nt1)
. exp{u<@<x,s+n+o 0(,6) - Lo, n+c>>} &y,

Since O(x,&+n+ C) O(x,€&) < O(xz,n+ () and and Jy is independent of v, there exists
&5 > 0 (in fact 63 = %) such that, for v(t) < 5 we obtain the estimate

10205r2) (8, 2,)| < CCl, o K]g 110, )Pl () 11 (e) TG (1, 2 €)
X e SmaE@)e
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4.4. Conjugation by an Infinite Order Pseudodifferential Operator

In view of Propositions (A.2.1)-(A.2.3), we have

Oz, &)@ € L= ([0,T]; GH~1°(®, o)),  if 0 is bounded

=20 (z, &) rP e C ([O,T]; Gli“lv‘“(qxgq,,k)) , otherwise

14

for I = max{my, m} +m4, m; +ms}.

By similar techniques used in the case of ri and 7"9, one can show that %> €

C([0,T]; G=*°). Taking §* = min{d], d5}, proves the theorem. O

Remark 4.4.1. When 6 is bounded, we get a more refined symbol estimate for the re-
mainder 5" as seen from (4.4.4), suggesting that

Ol € G0} (W™, Gor) Y NG ml, 0,0} (W™D, Go )Y
NG mg, my, 0,0} (W™D, Go.)

Similar is the case for the remainder i,

Substituting a(t,z, D,) in Theorem 4.4.1 with identity operator I and taking k suffi-
ciently large, one can easily arrive at the following two corollaries.

Corollary 4.4.1. There exists a k* > 1 such that for k > k*

TV )0, De) Fr()O(w,Da) _ 1 | R(i)(t,x,Dx)
where [+ R®) are invertible operators with O(z, &) "ta(R®) € C([0, T); GV Y w, Gor))-
Corollary 4.4.2. Let 0 < e <& < §* where 6* is as in Theorem J./J.1. Then

ea@(z,Dz)e—a’@(x,Dz) — 6(5—8,)®($7DZ) ([ + R(a’j’ Da:))

where O(z, &) 'o(R) € G~ Yw, Gor) and for sufficiently large k, I + R is invertible.

We use the above corollaries to prove the continuity of the operator e#®®@P=) on the
spaces ”Hq> : @( ™). The following proposition is helpful in making change of variable in
Section 4.5.4.

Proposition 4.4.3. The operator ¢=®@Dz) . Hq)k@(R") — Hf;kea(R”) is continuous for
k>koand 0 <e <& <& where kg sufficiently large and 6* is as in Thereom 4.j.1.

Proof. Consider w in pr’j;;@(R"). From Corollaries 4.4.1 and 4.4.2, we have

678/@(m7Dz)€5/@($,Dz) — I + R1<.’,C’ Dm),
=0@ Do) =0, Do) — p(e=)O@Da) ([ 1 Ry(x, D,)),
& )0@Da) o =(€'=9)0@. Do) — [ 4 Ro(x, D,).

where O(z, &) 'o(R;) € G~ Yw, gox). For k > ko, ko sufficiently large, the operators
I+ R;(z,D,),j =1,2,3 are invertible. Then, one can write

oFO@.Da) ) e(O(@,Dy) (6—5'@(30,090)65'@(:07/395) _ R1> w
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

This implies that
PP ([ 4 Ry)w = eE==10@D) ([ 4 R,)es @@ Dalyy, (4.4.5)
From (4.4.5), we have
el&=90@D2) 0@ Do) (T 4 R Y = (I + R3)(I + Ry)e® ©@Pa)yy,

Note that (I + R;),j = 1,2,3, are bounded and invertible operators. Substituting w =
(I + Ry)"'v and taking L? norm on both sides of the above equation yields

||666 2,Dx) 'U||<I>,k;® el—e,s Cl”(] + Rl) lv||<1>,k;9,a’,s S CQ||U||q>J€;®,8/,S )

for all v € 7—[‘;”8,;@(]1%”) and for some C},Cy > 0. This proves the proposition. Il

4.5 Global Well-Posedness

In this section, we give proofs of the main results. There are four key steps in the proofs of
Theorem 4.1.1 and Theorem 4.1.2. First, we employ the diagonalization procedure avail-
able in the literature [76, 50] to arrive at a first order system with diagonalized principal
part. Second, we localize the singularity to the regions Z,,;q(N) and Z..(N). Third,
using the locazation achieved in the previous step we define a function that majorizes the
symbol with singularity. This helps in making appropriate change of variable to handle
the singularity. Lastly, using sharp Garding’s inequality we arrive at an energy estimate
that proves well-posedness of the problem in the Sobolev spaces H;’fk;@(R”).

4.5.1 A First Order System with a Diagonalized Principal Part

Let A(z, D,) = ®(2)(D,)), and A(x, D,) be such that o(A) = &(z)~1(£);!. Observe that
Az, D,)A(z, D,) = I + K(z,D,)

where o(K) € G " (=1, —1). We choose k > ko for large ky so that the operator norm

of K is strictly lesser than 1. This guarantees

(I+K(z, D))" = (=1YK(t,z,D,) € Ggy™(0,0).
7=0

The transformation U = (Uy,Us)" = (A(x, Dy)u, Dyu)” transfers the Cauchy problem
(4.1.16) to

DU — AU =F, U(0,z) = ( A(x_’ffzzg(x) > (4.5.1)

where F := (0, —f)" and

o 0 Az, D,)
A= ( (a(t,z, Dy) + b(t,x, D,)) (I + K(z, D,))"'A(z, D,) 0 ) '
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4.5. Global Well-Posedness

Consider a function x € C§°(R) such that x(s) = 1 for |s| < 1,x(s) = 0 for |s| > 2
and 0 < x(s) < 1. Let N > k in the definition of ¢, and #, ¢, where k is appropriately
chosen later in the discussion. We define the functions

Nt 2, €) = dix(Zine(N)w (@) () + X(Zear(N))75(t,2,6), 5 =1,2

where dy = —d; is a positive constant and

n

Tj(th?g) = (_1)j V a(tax7§)7 a(t,1‘7£) = Z al,m(t7x)£l£m'

l,m=1

Note that a € G*?{1}(w, g¢,k)§\1,) NG*%{0,1,0}Hw, ng)g\?) NG22{0,0,1,0}(w, go.x)'. Let
X1, X2 and y3 be the indicator functions for the regions Z;,,;(2N), Znia(N) and Z.. (N),
respectively. Observe that

i) A\j(t,z,&) is Gy-elliptic symbol i.e. for all (¢,z,¢) € [0,7] x R™ x R"
A (t @, 8)| = Cw(@)(E)n,
for some C' > 0 independent of k.

11) )\j € Gl’l{O}(w, gcb,k)g\)[ N Gl’l{O, 1, 1}(w, gq>’k)§\27) N lel{O, O, 1, 1}(w, g¢7k)§3). More
precisely, for |a| + |5] > 0,

Ai(t 2, )] < Cow(@)(€n {1 + O + x3) 0(0) |

i (4.5.2)
022N (t, 2, €)| < Capw(x)®(a)171(g), {X1 n (X2+><3)0(t)""'+"3‘}

iii) 9\ € GHM{1}(w, g¢,k)$\), NGH{1,0,1}w, g¢,k)§\2,) NGH141,0,0,1}Hw, g¢7k)§§). More
precisely, for |a| + |5] > 0,

oA ~0 in Zju(N) .

0A(t2,6)] < ol € {20 + (2 300 7}
IaﬁﬁfatAj(t,x,§)| < Caﬁw(:c)@(x)f\m@%lﬁa\ {xlé(t) + (xe + x3) @g(tyaﬂm})
(4.5.3)

We begin the diagonalization procedure by defining the matrix pseudodifferential
operators Ni(t,z, D,) and N;(t,z, D,) with symbols

I I
Nl(ta xz, DI) o ( )\l(taxa Dz)]\(CE; D:L") )\2(t7x, Dx)‘]\(x7 fo) ) ’ and
: IRV Mt DA D) 1
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

where 0(5\2(75, T, Dx)) = \y(t, 2, €)', Notice that N and N are elliptic and satisfy
Nl(tu T, Dx)Nl(ta T, Dx) =1 + Kl(tv z, Dz)

with ¢(K7) in

G HOMw, go) ¥ NGTE7H0,2, 1} (w, go )W N G1710,0,2, 11w, gas) ¥ -

From Propositions A.2.1-A.2.3 and Remark A.2.1, o(K;) € G717144(D, ggp). We

choose k > ky for large ki so that the operator norm of K; is strictly lesser than 1.
This guarantees

(I+K\(t,2,D,))" =) (1Y Ky(t, 2, D) € C([0,T}; OPGg™(0,0)).

7=0
We make the following change of variable

Vi(t,z) = Ni(t,z, D)U(t, x). (4.5.4)
Implying

DVy = NiD,U + D,N,U
= MA(I + K)"MVi + DN (I + K) 7'MV, + F.

Here F} = /\~le and
o« MA(I+K)"'N; = Ay + Ay + A where

U(Al) = diag()ﬂ(ta xa 5)7 )\2(t7 iL‘, 5))7
o(Ay) € G w, gox)ly,  0(A2) =0 in Zynia(N) U Zegy(N),
7(As) € G*40}(w, goi) ¥ N G*{0,0,0}(w, gor)P N G*{0,0,0,0}(w, gox) T

o DNI(I+K,)"Ny = =N DN+ By, where By = D, K,+D,N; <Z;.;1(—K1)j> N,

2 —A(I,f) (t 6) A(xvg) )\Q(t,l’,g)
Al(t’ivug) t A(:B 6) )\Q(t,l‘,f) t A($,£)

U(NlDtNl) S GO’O{l}(wa g@,k)gj\)f N Gojo{la Oa 1}("‘}’ 9<I>,k)§3)
NG>°{1,0,0,1}(w, ga 1)\,
o(Bo) € GV 1M w, go ) SH NG 1,2, 1Hw, go i) )

NG Y 11,0,2, 1} (w, gor)T,

A(ﬁ,é) l(t z E) 7A(I,§) AQ (t,ﬁ?,&)
\ / 1 T Dt T T Dt T
o(N)o (DNG) = = ( A1 (t,z,8) 11\( £)  Aa(tzf) A(z,€) > ’

and o(N1DNY) = o(By) = 0 in Ziy(N) by (4.5.3).

In summary, we have the following proposition.
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Proposition 4.5.1. The solution U(t,z) to the first order system (4.5.1) is given by
Ut,z) = (I + Ki(t,z,D,)) "N (t,z, D,)Vi(t, 2)
where Vi(t, x) is the solution to the following system
(Dy =D+ P, + P, +Q))Vi = Fy, Vi(0,z) = N1(0,z, D,)U(0, z) (4.5.5)
The matriz pseudodifferential operators D, Py, Py, () possess the following properties:

o The operator D = Dy + Dy is such that

o(Dy) = diag{\i(t,z,€), Aot ,6)} |
(D) € GMHO0Mw, gor)sw N GH0,1, 11w, ga )V
NG-{0,0,1, 1} w, gor)'?,

1 A(x, A (2, x, Az, Ao(t, x,
7(P2) = id’”g{xlé,f)@D R L veves } ’
0(D2) € G*™{1}Hw, gai)sw N G*{1,0, 1}(w, gas) ¥

N GO’O{l, 0,0, 1} (w, gq),k)g\?;),
0(Ds) =0 in Ziy(N).

o Py is diagonal while Py is anti-diagonal and o(Ps) = 0 in Ziy,(N).
« (P) € G40} (w, gar) ¥ N G*H0,0,0}(w, gox) D N G*{0,0,0,0}(w, gor)s .
e 0(P) € G*{1Hw, gox)Sh N G{1,0, 1} w, gor)P N G0{1,0,0,1}(w, gor).

e 0(Q1) € G 1YW, gor)S, (@) = 0 in Zimia(2N) U Zegy (2N).

4.5.2 Localization in 7.,

The main goal of this section is to localize the singularity arising from the first ¢-derivative
of coefficients to Z,,;4(/N) and the one from the second t-derivative to Z.(N). We will
not directly localize the first order system in Proposition 4.5.1 but a modified one after
an application of a suitable transformation. To this end, consider the elliptic pseudodif-
ferential operators Ny, Ny with symbols

(Al (t,l‘,&) ) 1/2

7\ — A(z.8)

o(Ns) = o(N2) t= No(t..6) 12 |
0 ( Ad) >

o(N2),0(Na) € GO0} (w, gox)V N G040, 1,1} (w, gor)T N G*0{0,0,1, 1} (w, gor)T.
Note that the symbols are constant in Z;,,(/V). Let

-/\/‘Q(twra Dr>j(/‘2<t7x7 Dr)(taanm) =1 + KQ(tva D:E>7
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

with o(K5) in

G HOHw, 9o )V NG 7H0,2, 11w, go) ) N G17H0,0,2, 1Hw, gos) Y.

We choose k > ko for large ko so that the operator norm of K is strictly lesser than 1.
This guarantees

(I+ Ka(t,,D,)) " =) (1Y Ky(t, z, D, € C([0,T); OPGg™(0,0)).

j=0
We make the following change of variable

Va(t,x) = Na(t, z, Do) Vi(t, ).
Implying

D,Vy = NoDVi + DNV,
= ( ~2(7)1 +Dy— P —P,— Q)+ DtN2) (I + Kz)_l-/\/’zvz + Iy,

where Fy = N3Fy. Observe that o(N3)o(Dy) + o(DN3) = 0 as

1 A($7£)1/2 D )\
~ (1A k) 0
o(N2)o(D2) = —o(DNp) = | 2 Mlbn e 1 A8 ‘
0 §WDt)\2(t7$,§)

Here

o(NoDy + DiMy) € G772} (w, o)y N G412, 11w, go) ¥
NG5H1,0,2, 1} (w, gar) S
To be precise, due to the presence of Di);,j = 1,2, in O'(Dt./\N/-2> the singularity of order 2

in Z;,1(2N) appears only in the region Z;,;(2N)/Z;ni(N) as DiA; = 0 in Z;(N). From
the estimate (4.5.3) Remark A.2.1,

(NyDs + Do) € GU{0}(w, ga k) N GPO{1,0,0}(w, g k)
NG 11,0,2, 1} w, gor) V.
Let - - .
P1 = NoPy (I + K3) " 'Na + Dy — NoDy (I + Ky)'Na,
P, = NQPQ(I + K2)71N27
Ql NoQi(I + Kp) 7PN,
Q2 = — (NoDy + DN (I + Ko) "' N5,

Here o(P,) is in

(4.5.6)

GO0} (w, gar) ¥ N G*H0,2, 1}Hw, gox)' & N G*0,0,2, 1}Hw, gox) D).
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By Propositions A.2.1-A.2.3 and Remark A 2.1, t'~%¢(P,) € Gy i (0,0) for every e €

(0,1). It is easy to see that P is of diagonal structure while P is of anti-diagonal and

o(Pr) € G*{0}(w, gor)y NG*{0,2,1}(w, go.x)y
N G*%40,0,2, 1} (w, gor) ",

o(Py) € G*{1}(w, go )y N G*{1,0,1}(w, go.x)
NG*{1,0,0,1}(w, gor) ",

7(Q1) € GV{1Hw, go) ¥, 0(Q1) = 0 in Zymia(2N) U Zewr (2N),
7(Qs) € G0} (w, gai)sn N G*O{1,0,0}(w, ga ) ¥

NG 71,0,2, 1} w, gos) .
Summarizing the above discussion we have the following proposition.
Proposition 4.5.2. The solution Vi(t,z) to first order system (4.5.5) is given by
Vilt,z) = (I + Ky(t,z,D,)) "Nay(t, z, D,)Va(t, x)
where Va(t, x) satisfies the following system
(D; — Dy + P+ Py + Q1 + Q2)Va = Fy, Va(0,2) = No(0, 2, D)Vi(0, ). (4.5.7)

The matrix pseudodifferential operators Py, Py, Q1,05 are as in (4.5.6) and Dy is as in
Proposition 4.5.1.

Next, we aim to localize the singularity. Let
D 0 pi2
B) = .
J< ? (p21 0 )
We define the elliptic pseudodifferential operators Ns(t, x, D,) and N(t, z, D,) with sym-

bols )
0(-/\/’3(7571" Dﬂﬁ)) = 0(./\/’3(75,1', Dm))_l =1+ 77(75,9075)

where
. ; 0 & 11 3)
T](ta%ﬁ) - (1 _X(t/t%ﬁ)) P21 €G {1707071}(W79¢,k)]\/ :
22
The form of o(Ns(t,z, D,)) is
. 1 1 —(1—y)& = \\2 P12p21
t D;p = M =(1- t t:v .
U(NB( 7«1;7 )) 1 —r ( _(1 _ X)% 1 9 r ( X( / »5)) 4A1>\2

The symbol o(N5(t, z, D,)) is well defined as we see that

C 0(t)\> c
\W%OK¢@W%(t>f%W Zun(N)
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

and a large N ensures that |r(t,z,£)] < 1/2in [0,T] x R® x R™. Let
N?)(taanx)N?)(taanx) =1+ K3(t,ZU,Dx),

with 0(K3) = 0 in Z;(N) U Zia(N) and o(K3) € G_Q’_Q{l,O,O,1}(w,g¢7k)§3). From
Propositions A.2.1-A.2.3 and Remark A.2.1, o(K3)G 1757 1¢(®, g4 1). We choose k > ks
for large k3 so that the operator norm of K3 is strictly lesser than 1. This guarantees

(I + Ks(t,z, D,) i 1) Ky(t, z, D,) € C([0,T]; OPGEL™(0,0)).

j=0
We make a following change of variable
Vi(t, z) = Ni(t, x, D) Va(t, z)
Implying
D\Vy = N3D, Vs + DN3Va
= (-/\73(7)1 — P —P—Q1— Q)+ Dt/\73> (I + K3)"'N3Vs + Fj
where F3 = ./\Nf?,F2. Let us write

/\73(171 —pz)(["‘K:%)lea :-/\73(1)1 Pz)Ns +-/\[3 D, — (Z )

7j=1
We see that
o (N3)o(D1)o(N3)
1

_ 1 —(I-x)% A0 1 (1—x)52
1—r \ —(1—-x)5 1 0 Ao (I—x)% 1

1 N
_ {Dl +(1— X)2p12p21d1ag{1 1+ (1 X)pQ}

1—r 4o
1 2 P12P21 .
— D+ (1— )Pt —— (Dl 4 P2> (- diag {1, - 1)
1-— 1-— 4\
- Dl + (]- - X)PQ mod G_L_l{Q? 07 27 1}(wa g@,k)s\?)

Similarly,

o (N3)o(P)o(N3)

1 1 —(1=x)52 0 pi 1 (I—x)52
1—r \ —(1=x)5 1 par 0 (1—x)%: 1
1

2
_he " p (1— )p12p21 _ Pupa) (1—x) 0 plpr;l
2 1—7r 2 1—7r X 2)\1 2)\2 1—7r P142):f72§1 0
2

= ﬁg mod G71771{27 O, 27 1}(00,9(1),]@)53)
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4.5. Global Well-Posedness

Thus o (Nj) ( (D)) — o P )) o(N;) = Dy — xPy mod G~1142,0,2,1}(w, ga)). Note
that o(xPy) = 0 in Ziy(N) and
o(xPs) € G*{1}(w, gon)ix N G*{1,0,1}(w, gor)5ys o(xP2) = 0 in Zeuy (N).

From the structure of P2 and the estimate on the second derivative in time of the char-
acteristics,

o(DN3) € GTV7H2,1,2, 1 Hw, gos)Y, o(DN3) =0 in Zig(N) U Zia(N).

Let o
Py = N3P (I + K3)71N3>
P =N, (152 + 0y — D1> (I + K3)""Ws + Dy — DN, (4.5.8)
Qs = /\7?,@1(1 + K3) '\

Since

GV 7H2,0,2, 1}, gas)N € GVH2,1,2, 13w, go )V,
it is easy to see that
o(Py) € G*{0}(w. gap) N GO0, 2,1} (w, ga )
N G*°{0,0,2,1}(w, gq>k)( )
o(Py) € G**{1}(w, gq)’k;)]\l[) NG"{1,0,1}(w, gé,k)ﬁ) (4.5.9)
NG 42,1,2, 1w, gor) Y,
o(Q3) € GM{1}(w, go. k)N ,0(Q3) =01in Z,0(2N) U Zeyt(2N).
Let us summarize the above discussion in the following proposition.
Proposition 4.5.3. The solution V,(t,x) to the first order system (4.5.7) is given by
Va(t,z) = (I + K3(t,z, D,)) "Ns(t, z, D,)Vs(t, 7)
where V3(t, x) is solution to first order system
(Dy — Dy + P34+ Py 4 Q3)Vs = Fy, V5(0,2) = N3(0,z, D,)Va(0, ) (4.5.10)

The matriz pseudodifferential operator Dy is as in Proposition 4.5.1 while P3, Py, Q3 are
as in (4.5.8)-(4.5.9).

Remark 4.5.1. The localization technique in our case has led to such a factorization
where the reqularity in the t-variable was lost along the way. Infact, after the localization
procedure no new control of the t-derivative of the symbol P, was available.

Remark 4.5.2. Let us explain the philosophy of our approach. We use a careful amalgam
of a localization technique on the extended phase space (defined in Section 4.2) and the
diagonalization procedure already available in the literature (see [76, 50]) to handle the
singularity. Note that we have restricted the singularity arising from the first t-derivative
to Zmia(IN) and the one from the second t-derivative to Ze.(N). This kind of localization
of the singularities allows one to come with a function (see (4.5.11)) with a good estimate
as in (4.5.13) that majorizes the symbol of the operator Py + Q3. It is woth noting that
we do not need the so called “perfect diagnalization” in our analysis.
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

4.5.3 An Upper Bound for the Lower Order Terms with Singularity

In this section, we define a function that majorizes o(Py) + 0(Q3). Consider a smooth
function M (¢, x, €) of the form

My (1,) = 1 (Xt o)) D) + (1= x(t/t0) (x(t/Fn) "L

t
(1= x(t/t0e)) 0()* w7, e
* @(x)<g>,f 2 eer(t)))

where k > 0 is chosen in such way that we have
o (Py)] + |o(Qs)] < My

From Propositions A.2.1 - A.2.3, "9, € C([0,T]; G"'(®, gox)), for every e € (0,1).
When 6(t) is unbounded near ¢t = 0, we use the following estimate

(4.5.11)

t
/ A(s)ds < t0(t). (4.5.12)
0
Observe that the estimate (4.5.12) is natural in the context of logarithmic-type functions.
Using the estimate (4.5.12), we readily have
th’g 1_‘ | th,.f ~
| 1o Dim s €)lds < o)) @ [ deya
0 0
<t (1) @)UY 2t (B 211 )
< 1o ®(2) 7€) O(R)B(R).

Similarly using the definitions of ¢, ¢ and f, ¢, we have the following estimates

e ()
—~ds
[

z,
206
/ —ds
283 §

< Kap® (@) PHEYO(R) (In 2 + [ Ind(R)| + ¥ (h)),

2t~z£
/ 08 DI (s, )| ds < Fap®(x) 7€),

293

< kas®(2) 1) 10 ()

T
/ |6?D£9~n1(3,$,£)|d5 < ﬁaﬁq)(x)*lflﬁ|<§>;1*|a\

1293

< kag®(x)71P1E), 0(R)B(R).
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4.5. Global Well-Posedness

Thus we have,
T
/ | DIOEIM (¢, 2, €)|dt < g (x, ) ()17 (€)1, (4.5.13)
0

The function 91 plays an important role in performing conjugation and thus in quanti-
fying the loss of regularity.

4.5.4 At most Finite Loss of Regularity via Energy Estimate

In this section, we derive an energy estimate when (4.1.9) is satisfied and show that the
loss is finite. Consider the operator L defined by

L=D,—D;+ P;+ Py + Qs,

the matrix pseudodifferential operators D, Ps, Py, (3 are as in the Proposition 4.5.3. Then
the first order system (4.5.10) is equivalent to

LV = F3, V3(0,2) = N5(0, 2, D,)Va(0, x). (4.5.14)

Note that to prove the estimate (4.1.23), it is sufficient to consider the case s = (0,0) as
the operator ®(z)*(D);' L(D),*'®(x)~*2, where s = (sq, s2) is the index of the weighted
Sobolev space, satisfies the same hypotheses as L.

We perform a change of variable, which allows us to control lower order terms. We
set

Vi(t,x) = Wi(t, =, Dy)Va(t, ), (4.5.15)

where W is a finite order pseudodifferential operator with o(Wy)(t,z,§) = e~ Jo () dr
for 9 is as in (4.5.11). We have V4(0,z) = V5(0,z) and for 0 <t < T

V3(£)] k50,000 < ClIVa(t)]]r2,

where ko = kgoCy > 0. Here kg is the constant r,p in (4.5.13) with a = § = 0 and Cj
is as in (4.1.9). Let Wi (¢, z, D,) be such that (W) = exp <fg Ml(r,x,g)dr>. Then

Wi (t, z, D)Wy (t,z, D,) = I + K\V(t,z, D,),

Wi (t,z, D)Wy (t, 2, Dy) = I + K2 (t, 2, D,)
where O(z,&)a(K) € C([0,T); G4 Hw, Jox)), | = 1,2. We choose k > ky for large ky
so that the operator norm of K il) is strictly lesser than 1. This guarantees

(I + K (t, 2, D) =Y (-1 K (t, 2, D,) € C([0,T); OPG*(w, o)), | =1,2.

J=0

For the sake of simplicity, let us denote the operators (I + K il))_l and (I + K f))_l by
K1 and K4, respectively.
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

In the following we arbitrarily fix € € (0, 1) when 6 is unbounded while for the bounded
case we set € = 1. We see that the pseudodifferential system (4.5.14) is equivalent to

L(t,x, Dy, D)Vi(t, z) = Fy(t, ), (4.5.16)
where L = L — iy (t, x, Dy)I + Ps(t,x, D,), Fy = Wi(t, z, D,)Fs and

o(Ps) = KiWiKy! ((P3+P4+Q3—D1)’C1+DJC1) Wi — (P + Py + Q3 — Dy)
+ (K\Wi DWWy + 9, 1),

where t!7°0(x, &) to(P5) € C([0,T); G*°(w, gg x). Let k1 > 0 be such that
o(P5)] < My(t,z,€) = kit 0(x, ). (4.5.17)
We make a further change of variable
Vs(t,x) = Wa(t, x, D) Vy(t, x) (4.5.18)

where W is a finite order pseudodifferential operator with o(Ws)(t, z, &) = e 50w,

We have V5(0,2) = V4(0,2) and for 0 <t < T
Vi) |l e k0,100 < Cl|V5(t)]|22,
where x}(t) = k1 Z. Let Wo(t, z, D,) be such that o(Ws) = x150@&) Then
Walt,z, Dy)Wa(t,x, D,) = I + KV (t,2,D,),
Wa(t, z, Do)Wa(t, z, Dy) = I + KP(t,z, D,)

where O(z, &) 'o(K) € C([0,T); G2 (w, Gox)),l = 1,2. We choose k > ks for large
ks so that the operator norm of K, él) is strictly lesser than 1. This guarantees

[e.o]

(I + K (2, D)) =Y (=17 K (t,2, D, € ([0, T]; OPG*(w, Gar)), 1 =1,2.

J=0

Let us denote the operators (I + Kél))_l and ([ + KéQ))_l by Ko and o, respectively.
We see that the pseudodifferential system (4.5.16) is equivalent to

(L(t,z, Dy, D)) — iMs(t, v, D)1 + Ps(t,x, D,)) Vs(t,x) = Fy(t, ), (4.5.19)
where F5 = Wy(t,z, D, )Fy and

O'(PG) :,€2W2’C2_1 ((P3+P4+Q3+P5_Dl)IC2+DtIC2) WQ
— (Py+ Py + Qs+ Ps — Dy) + (KaWo D, Wo + i, 1),

where t'~0(FPs) € C([0,T]; G*°(w, o x.)- Let us write down the first order system (4.5.19)
explicitly as below

815%:(ZDl—((ml+m2)I+ZP4+ZP5)—ZP3—ZP6)‘/5+’LF5,
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4.5. Global Well-Posedness

Here, the diagonal matrix operator, D is of the form
iDy = diag {1\, i} .
Observe that the symbol d(t, z, ) of the operator iDl — ¢D7 is such that
d € G*{0}(w, gor) Y NGO{0,1,1}(w, gox)y N G{0,0,1,1}(w, ga ).
It follows from Propositions A.2.1-A.2.3 and Remark A.2.1 that
t'=*d € C([0,T]; G4 ;"*(0,0)).
Hence, by Calderén-Vaillancourt theorem,
2Re(iD1 Vs, V) < tl%(%,%% C > 0. (4.5.20)
Further, by the choice of the functions, 9, (¢, x, &) + M, (¢, z, )
Re((M,(t,x,&) + M, (¢, z,8))] +io(Py) +ioc(Q3) +ic(Ps)) > 0.

Assuming

w(z) S (),
we apply sharp Garding inequality (see Thereom B.0.1 in Appendix B and [43, Theorem
18.6.14]) to 2Re(IM, I + iPy + iQ3) with the metric go, and Planck function h(x,&) =
(®(x)(€),)~" and to 2Re(IM,I +iP;) with the metric jg, and Planck function h(z,€) =
O(z,&)(®(x)(£)r) . We obtain

C
2Re<((fml + SITZZ)I + ZP4 + ZQ3 + ZP5)‘/5, ‘/5>L2 > —F<‘/5,‘/5>LZ, C >0. (4521)

Since t'~¢0 (i Py + iP) is uniformly bounded, by Calderon-Vaillancourt theorem we have

C
— 2Rei(P; + Po)Vi, V3) < -7 (Vs V). (4.5.22)

From (4.5.20)-(4.5.22) it follows that
C
2Re<(iD1 - ((Dﬁ + M )I +iPy +1iQ3 + ZP5) — 1P — ZP:),)VEH V5>L2 S o - <V:’)7 V5>
This yields
O |Vs(t, )72 < O Va(t, )72 + 1 F5(E,)l[72), t € [0, 7).

Considering the above inequality as a differential inequality, we apply Gronwall’s lemma
and obtain that

t
IVa (¢, Il < C- <||V},(0, Iz +/O 1F5 (7, )l dT) , te[0,T].

If 6 is unbounded C. = C"eT™/¢ for a fixed ¢ € (0,1), else C. = C” for some C’,C" > 0.
This proves well-posedness of the auxiliary Cauchy problem (4.5.19). Note that the

solution V3 to (4.5.14) belongs to C' ([O,T]; HZ{;%(R”)) ,k(t) = Ko + K15 Returning to
our original solution u = u(t, z) we obtain the estimate (4.1.23) with

weC ([0 T Hy a0 (R ) Nc (o ) 1550 (R )) .
Depending the order of the operator ©(x, D,) we have zero, arbitrarily small or finite
loss. This concludes the proof of Theorem 4.1.1.
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

4.5.5 Infinite Loss of Regularity via Energy Estimate

In this section, we derive an energy estimate when (4.1.10) is satisfied and show that the
loss is infinite. Consider the Cauchy problem (4.5.14). Note that to prove the estimate
(4.1.24), it is sufficient to consider the case s = (0, 0) as the operator ® ()2 (D)5 L(D), ** ®(x)~*2,
where s = (s1, s9) is the index of the Sobolev space, satisfies the same hypotheses as L.

We perform following change of variable

Vi(t,x) = Wi(t, z, D,)V3(t, z), (4.5.23)

where W is a infinite order pseudodifferential operator with

Ty

o(Wh)(t,z,£) = exp ( My (r, x,f)dr)

t

=

for M is as in (4.5.11). We have V4(0,z) = W1(0,x, D,)V3(0,2) and for 0 <t < T

[IVa()l|@ks0,70.0e < ClIVA()]] L2,

where C' > 0 and e = (1,1). Here Ry is the constant ks in (4.5.13) with o = = 0. Let
Wi(t, x, D,) be such that o(W;) = exp ( - j;Tf My (r, x, §)dr>. Then, by Theorem 4.4.1,

Wi(t, 2, Do)Wi(t, 2, D,) = I + K\"(t, 2, D,),
Wi(t, 2, Do)Wi(t, 2, D,) = I + KP(t, 2, D,)

where O(z, &) 'o(K) € C([0,T); G2 (w, Gox)),l = 1,2. We choose k > ky for large
k4 so that the operator norm of K il) is strictly lesser than 1. This guarantees the existence
of (I + Kil) (t,z,D,))~',1 = 1,2. For the sake of simplicity, let us denote the operators
(I+ Kf))_l and (I + Kf))_1 by K, and Ky, respectively.

In the following we arbitrarily fix e € (0,1) when 0 is unbounded while for the bounded
case we set ¢ = 1. We see that the pseudodifferential system (4.5.10) is equivalent to

L(t,x, Dy, D) Vy(t, z) = Fy(t, x), (4.5.24)
where L = L — i (t, z, Dy)I + Ps(t,x, D,), Fy = Wi (t,z, D) Fs and

o(Ps) = KWiKT! ((Ps + Py + Qs — D1) Ky + DiCy) Wy + (KW DWWy + 90 1)
— (P3+ Py + Q3 — Dy).

From Theorem 4.4.1, ! ¢0(z, &) o (P5) € C([0, T7]; G%°(®, o x). T} is chosen in such a
way that all the above conjugations with operator Wy are valid in view of Theorem 4.4.1.
Let k1 > 0 be such that

|o(Ps)| < My(t, 2, €) = kit °O(x,€). (4.5.25)
We make a further change of variable

Vs(t, 2) = Walt, z, Dy)Va(t, ), (4.5.26)
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4.5. Global Well-Posedness

where W5 is an infinite order pseudodifferential operator with

Ty

o(Wa)(t,z,£) = eXp{ img(s,x,f)ds} .

t

We have V5(0,x) = W5(0, z, D, )V4(0,z) and
1Va®)lle g0.1.00 < ClVED) |12,

where wi(t) = &y (T4 — t°)/e. Let Wy(t,z, D,) be such that o(W,) = e~ Ji* Moo, )ds
Then, by Theorem 4.4.1,

Wa(t, z, Dy )Wa(t, z, Dy) = I + Kél)(t,x, D,),
Walt, z, Dy)Wa(t, z, Dy) = I + KéQ)(t,x, D,),

where @(x,f)’la(Kél)) € C([0,T);GV"H®, gox)),l = 1,2. We choose k > ks for large
ks so that the operator norm of K él) is strictly lesser than 1. This guarantees the existence
of ([—i—Kél) (t,z, D))"t 1 =1,2. Let us denote the operators ([—l—Kél))_l and (I+K5(2))_1
by Ky and K, respectively.

We see that the pseudodifferential system (4.5.24) is equivalent to

(L(t,z, Dy, D) — iMy(t, v, D)1 + Ps(t,x, D,)) Vs(t,x) = Fy(t, ), (4.5.27)
where Fy = Wy(t,x, D,)F, and

U(Pﬁ) :KQWQICEI ((P3+P4+Q3+P5—Dl)’C2+DtIC2) WQ
— (Ps+ Py + Qs + Ps — Dy) + (KoWo DWWy + i, 1),

with t'=¢0(Ps) € C([0,T5]; G*°(w, Gox). Ty is chosen in such a way that all the above
conjugations with operator W5 are valid in view of Theorem 4.4.1.
Let us write down the first order system (4.5.27) explicitly as below

O Vs = (iDy — (M I +iPy +iQz + MM, I +iP5) —iPs — iP3) Vs + i F5.
Here, the diagonal matrix operator, ¢D; is of the form
iDy = diag {i), 1o} .
Observe that the symbol d(t, z, &) of the operator iD; — ¢Dj is such that
d € G0} w, gor)V N G40, 1,1} w, gor)'¥ N G40,0,1, 1} (w, gor) Y.
It follows from Propositions A.2.1-A.2.3 and Remark A.2.1 that
t'=*d € C([0,T]; G4 ;"*(0,0)).

Hence, by Calderon-Vaillancourt theorem |,

2 Re<iD1‘/g), ‘/:r)> < ¢

- tl—s

(Vs, Vs), C > 0. (4.5.28)
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

Further, by the choice of the functions, 9, (¢, z,&) + M, (¢, x, &)
Re((M, (¢, z,&) + M, (¢, x,€))] +io(FPy) +io(Q3) +io(P5)) > 0.

Assuming
w(z) S O(z),

we apply sharp Garding inequality (see Thereom B.0.1 in Appendix B and [43, Theorem
18.6.14]) to 2Re(IM.1 + iP; + iQ3) with the metric gg ) and Planck function h(z,§) =
(@(z)(¢)r) " and to 2 Re(M,I + iP5) with the metric go s and Planck function h(z, &) =

O(z,&)(®(x)(£)r) . We obtain

C
2Re((My + )T + Py + Qs +iPs)Vs, Va)ie = =2 (Vs Va)ie, € > 0. (4.5.29)

Since t'~¢0 (i Py + i) is uniformly bounded, by Calderon-Vaillancourt theorem we have

C
- 2Re< (P3 + Pﬁ)‘/& ‘/5> = 1_6 <‘/:57 ‘/:5> (4530)

Let T* = min{T}, Ty, 1,02} where §; and Jy are related to the initial datum and the
right hand side of the Cauchy problem (4.1.16). From (4.5.28)-(4.5.30) it follows that

C
2Re((iDy — (M, + M) +iPy + 1Q3 + iPs) —iPs — iP3) Vs, Vi) 2 < — e <V:5, Vs) 2
This yields
O Vs(t, )72 < CE e Va(t, )72 + 1F5(E,)||72), t € 0,T7].

Considering the above inequality as a differential inequality, we apply Gronwall’s lemma
and obtain that

t
IVs(t, )llz> < Ce <HV5(07-)||%2 +/0 15 (7, )72 dT) , te0,T7].

If § is unbounded C. = C"e”"/¢ for a fixed ¢ € (0,1), else C. = C" for some C’,C"” > 0.
This proves well-posedness of the auxiliary Cauchy problem (4.5.27). Note that the

solution V3 to (4.5.10) belongs to C ([0, TY; H;Z(%(R")) R(t) = Ko+ rj(t). Returning to

our original solution u = u(t, ) we obtain the estimate (4.1.24) with

we O ([0, Ty 50 ®Y) N (10, T G5 (R™)
This proves Theorem 4.1.2.
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4.6 Anisotropic Cone Condition

Existence and uniqueness follow from the a priori estimate established in the previous
section. It now remains to prove the existence of cone of dependence.

Cone condition in this section follows from same arguments used in Section 3.5. Note
that the function 6 as in (4.1.20) is such that the quantity #0(t) is bounded in [0, 7]. The
constant ¢* is such that the quantity c*w(x)é(t) dominates the characteristic roots, i.e.,

¢ = sup{ a(t, 2, E)w(@) 6t : (t,2,€) € [0,T] x R x RY, [¢] = 1}, (4.6.1)

for a(t,z,€) as in (4.1.17). In the following we prove the cone condition for the Cauchy
problem (4.1.16). Let K (2° ") denote the cone with the vertex (z°,¢°):

K% %) = {(t,z) € [0,T] x R" : |z — 2°| < *w(z)0(t° — t)(t° — t)}.
Observe that the slope of the cone is anisotropic, that is, it varies with both x and ¢.

Proposition 4.6.1. The Cauchy problem (4.1.16) has a cone dependence, that is, if

=0, =0,i=12 (4.6.2)

f|1<(10,t0) fi|K(zO,t0)ﬂ{t:0}

then
=0. (4.6.3)

U‘K(mo,to)

Proof. The proof follows in similar to the one for Proposition 3.5.1. Let us define P. and
v, as in the proof of Proposition 3.5.1, and denote b;(¢, z), the coefficients of lower order
terms, as ag;(t,z),1 < j < n, and b,+1(t,z) as ago(t,z). Let a;o(t,2) =0, 1 <i < n.
Following the energy estimate (4.1.23), we obtain in place of (3.5.4) the following estimate

1
Z ||ag Uey — Vey ( 7')‘|‘1>7/€;97—H(t)75—j9
7=0

S C/ H(PEQ - Psl)vsz (7—7 '>H‘I>,k;e,—li(7'),s—6 dT (464)

< C/ Z || azy T+ £1,T ) ai,j(T + 827$))Dijvsz (7-7 ')H@,k;@,—n(’r),s—e dTa

,j=0

where Doy = I, Dy = 0,4 # 0,Do; = 0p;,7 # 0 and D;; = 0,,0,;,1,j # 0. Similar
estimate holds if we had used the a priori estimate (4.1.24) instead of (4.1.23).
Using the Taylor series approximation in 7 variable, we have

T+e1
(Ova; ;) (r, l‘)dT”

/T-‘rEl &dr‘
T+e2 r

< (’U(x)zlE(Tv €1, 52)|7

la; ;(T+¢e1,2) — a; j(T + €2, ]—‘/
T+E2

< w(:v)2
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Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

o2+1
(ln (1—1—81_52)) )
T+ &2

Note that w(z) < ®(z) and E(1,e,e) = 0. Then right-hand side of the inequality in
(4.6.4) is dominated by

where

E(r,e1,62) =

N —

t
C/ |E<Ta &1, 52) | ||U€2 (7—7 ) ||<I>,k;®,—f$(7’)7s+e dT,
0

in the case of finite loss of regularity while for the case of infinite loss by

t
¢ [ 1B lloa(r ososoee dr
0

where C' is independent of . By definition, E is L-integrable in 7.
The sequence v,,, k = 1,2, ... corresponding to the sequence e, — 0 is in the space

O(Io. 77 i @) ) (€ (f0. 7% 1y ™ (®Y) ), T >0,

or

c<[o,T*};H;;;ﬁg(R")) Nc ([O,T*]; %;j,;’g“)(Rn)), T >0,

depending on the loss and u = lim v, in the above space and hence, in D'(K (2°,t9)).
—00

In particular,
(u, ) = klim (Ve,, ) =0, Yo € D(K (2%, 1))
—00

gives (4.6.3) and completes the theorem. O

Remark 4.6.1. [t is worth noting that while the reqularity of the solution is dictated
by ®(z), the cone condition and there by the support of the solution is controlled by the
weight function w(x).

4.7 Existence of Counterexamples

Let us consider a Cauchy problem of the form

Otu(t, ) + c(t)A(z, Dy)u =0, (t,z) €[0,T] x R", (47.1)
u(0,2) =0, Ju(0,x) = f(x), o
where A(z, D,) = (z)(I — A;){x) is a G-elliptic, positive, self-adjoint operator with the
domain D(A) = {u € L*(R") : Au € L*(R")} and the propagation speed c(t) is in
C ([0,T]) N C*((0,T]). In order to show that there exists a propagation speed c(t) for
which the Cauchy problem (4.7.1) has infinite loss of regularity (decay and derivatives),
we extend the techniques developed by Ghisi and Gobbino [35, Section 4] to a global
setting.
Let us first define the following special class propagation speeds.
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4.7. Existence of Counterexamples

Definition 4.7.1. We denote C'® (uuy, 2, 0,%) as the set of functions ¢ € C ([0,T]) N
C?((0,T)) that satisfy the following growth estimates

0 <y <c(t) < po, t €10,7], (4.7.2)
I¢(1)] < c@, te (0,7, (4.7.3)
I"(t)] < C%)Qew@, t e (0,7], (4.7.4)

for positive and monotone decreasing functions 0,1 : (0,T] — (0, +00) satisfying

b))

t—0+ | Int|

(4.7.5)

The set C®) (1, o, 0,1) is a complete metric space with respect to the metric

t2
by (c1,c2) = sup |es(t) — eat)] + sup {—|c1<t>—cg<t>|}
t€(0.T) teo,r) L O(1)

4 {tge_w(t) | ”(t) H(t)|}
sup § ———— |1 (t) — ¢ .
te(0,T) 9(75)2 ! 2

A sequence ¢, converges to c,, with respect to metric do if and only if ¢, — co
uniformly in [0, 7], and for every 7 € (0,7'), ¢, — ¢, and ¢! — ¢ uniformly in |7, T7.

Let D (p1, o) be the set of initially constant functions as defined in Definition 3.6.2.
For the sake of simplicity, let us denote C® (u, u2,0,%) and D (1, p12) by C?, and D,
respectively.

Remark 4.7.1. From [35, Proposition 4.7], we have that D N C® is dense in C?. The
weight factors % and % appearing in the definition of the metric dy plays a crucial

role in proving the above denseness result.
The main aim of this section is to prove the following result.

Theorem 4.7.1. The interior of the set of all ¢ € C? (1, pg, 0,%) for which the Cauchy
problem (4.7.1) exhibits an infinite loss of regularity is nonempty.

The proof of the above theorem follows from the same arguments used in Section 3.5.
We recall the defintions of universal and asymptotic activators as in Definitions 3.6.4 and
3.6.5 and also the notion of infinite loss of regularity as in Definition 3.6.3. We note the
Propositions 3.6.2, 3.6.3 and 3.6.4 for C = C® and de = dy. In order to prove Theorem
4.7.1, we need to just construct asymptotic activators with rate ¢ satisfying (3.6.11).

Proof. (Proof of Theorem 4.7.1) Consider 77, and a initially constant speed ¢, (t) as in
the proof of Theorem 3.6.1. We set

(VA Y(VA)
In A ’

.1 1 1 1
¢)\ = mln{gln)\, 4_1¢ <ﬁ) + Z—llnl—‘,\} .
75

F)\Z:



Chapter 4. Oscillations and Strong Blow-up: q = 1 Case

For every large enough real number A, let ay and by be real numbers such that
ay = m [In A exp(e)y) ] by == £ |In X exp(21)y) | (4.7.6)
: X : X . L
A A P{¥x) ] A A P{2Wx

where |« stands for integer part of a real number a. Observe that a, and by satisfy the
estimates as in (3.6.12). Let us choose a cutoff function 7 : R — R of class C'*° such that
0<wu(r)<1,o(r)=0forr <0and (r) =1 for r > 1. With ay, and by as in (4.7.6)
and 0, = min{6 (by),In A}, we define ) and ¢,(¢) as in (3.6.13) and (3.6.14). By [35,
Propositions 4.8-4.9], (cx(t)) is a family of asymptotic activators with rate

0
=gt (5).

with ay and by as in (4.7.6) and ds (¢y, cx) — 0 as A — +o0. Since ¢, is a generic element
of a dense subset, we see that these universal activators cause an infinite loss of regularity.
O

4.8 Discussion

In this chapter we have shown that when the coefficients are at most fast oscillating in ¢,
the solution experiences at most finite loss in regularity index and for the cases of very
fast oscillations and strong blow-up, in general, the solution experiences infinite loss. We
now comment on some related issues.

Is the case of fast oscillation a threshold for the finite loss? Yes. In fact, in Theo-
rem 4.7.1 we have shown through an example that when we go beyond fast oscillations,
solution indeed encounters infinite loss of regularity.

How optimal is the subdivision of the phase space in this chapter? We note that
subdividing the extended phase space into three regions is indeed necessary to deal with
oscillatory coefficients see for instance, Examples 4.1.1 and 4.1.2. But the case of strong
blow-up, we do not need the estimate on the second t-derivative as considered in this
Chapter and it is enough to consider only two regions defined by the time splitting point

tm,f = Nh(xag)

for a fixed (z,€) and a positive integer N. The techniques used in the Chapter 3 along
with the relations (4.1.6) and (4.5.12) suggest that the loss operator is of the form

ev(t)@)(vaw), where O(z,§) = é(Nh(x,S))-
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Chapter 5

Very Fast Oscillations: ¢ > 1 Case

One of the difficulties in the theory of partial differential operators arises from the
loss of many derivatives of solutions.

— Kajitani and Nishitani, The Hyperbolic Cauchy Problem

The oscillatory behavior ranging from very slow oscillations to very fast oscillations
with ¢ = 1 was dealt in the previous chapter. It now remains to investigate the case
of very fast oscillations when ¢ > 1 in Definition 1.2.2. In order to present a generic
theory in this case, we consider m* order strictly hyperbolic equations with coefficients
polynomially bound in = and with their ¢-derivative of order O(¢79), where ¢ € (1, %)
without any growth conditions on the second t-derivatives. We demonstrate that the
solution experiences an infinite loss in regularity index in relation to the initial datum

defined in a Sobolev space tailored to the metric and the order of the singularity.

5.1 Introduction and Statement of Main Result

Let us consider the prototypical Cauchy problem:

u(0,2) = ug(x) du(0, ) = uy(x). (5.1.1)

O*u — a(t,x)Ayu =0, (t,x)€[0,T]x R”}
where the coefficient a(t,z) is in C([0,7]; C*(R™)) N C*((0,T]; C*(R™)) and satisfies
the following conditions

a(t,z) > Cow(z)?,
1 5.1.2
0801a(t.2)] < Cow(a)0(a) 1%, o1
where Cy,Cg > 0, B € Nj and ¢ > 1. Note that the blow-up rate of second t-derivative
is not prescribed as in Definition 1.2.2. In view of the conditions (5.1.2), the very fast
oscillatory behavior is treated as a specific case in this chapter. An example of such a
coefficient a(t, x) is given below.
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

Example 5.1.1. Let x € [0,1] and a(t,z) = (x)>* (2 + sin ({x)17%)) c(t), where

0 1, ift =0,
C =
1+tsin(q5), ifte(0,05].

Here w(z) = ®(z) = (x)* and q = 5. Observe that the second t-derivative of c(t) blows

up as O(t™?) and 3 > 2q.

|
— tsin (ti) +1

1.05 -

1.00 7

0.95 1

0.00 0.02 0.04 0.06 0.08 0.10

Figure 5.1: Behavior w.r.t time variable for the Example 5.1.1

Cicognani [9] studied the Cauchy problem (5.1.1) with a(¢, z) in C([0,T]; G (R™)) N
CH(0,T]; G7(R™)), 1 < o < q/(q — 1), and satisfying (5.1.2) with w(z) = ®(z) =1, ¢ >
1. The author reports Gevrey-Sobolev well-posedness for the Cauchy problem (5.1.1) with
an infinite loss of derivatives. In this chapter, we consider generic sublinear weights ®(z)
and w(x) governing the growth rate of coefficients with respect to x and the singularity
of order O(t79), 1 < ¢ < 2, in the estimates (5.1.2) .

One of the key steps in our analysis that helps in dealing with low-regularity in ¢ is
the conjugation by a loss operator which is an infinite order pseudodifferential operator
of the form

M@ (D))

where A(t) is a continuous function for ¢ € [0,T],7 > 0 and (D, ), = (k* — A,)/2. Here,
the symbol of the operator ®(z)(D,); is given by h(z,&)™' = ®(x)(¢) where h(z,§) is
the Planck function related to the metric goy in (2.1.2). Note that, in the literature
(see [2]), some authors have used an infinite order pseudodifferential operators of the

form eMO(@)/7+(D)!

') for conjugation. We report (see Theorem 5.3.1) that the metric
governing the decay estimates of the symbol of an operator arising after the conjugation
changes. In our case, this metric is of the form

2

gox = (2(2)(E)r)7 gax (5.1.3)

We demonstrate this in Section 5.3.
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5.1. Introduction and Statement of Main Result

We report that the solution experiences infinite loss in regularity index in relation to
the Cauchy data defined in Sobolev spaces tailored to the loss operator, eA(®@){D =)
The Sobolev spaces needed for our analysis are defined in the following section.

5.1.1 Sobolev Spaces

We now introduce the Sobolev spaces suitable for our analysis that are tailored to the
metric gg ;, and the order of singularity.

Definition 5.1.1. The Sobolev space Hg3’ (R™) for o > 2, & > 0 and s = (s1,52) € R?
is defined as

Hy5 (R™) = {v € LA(R") : ®(2)*(D);! exp{e(®(x)(Da)i) }v € LX(R™)},  (5.1.4)

equipped with the norm ||v||ok.sco = [|®(-)%2(D)3* exp{e(®(-){D)x)/ }v||12. The operator
exp{e(®(2)(D,)x)/} is an infinite order pseudodifferential operator with the Fourier
multiplier exp{e(®(z)(€)x)/7}.

The spaces Hgy” (R™) and Hy " =7 (R") are dual to each other. Let s' = (s}, s5) € R?,
e >0 and ¢’ > 2. We have that Hy3"(R") C Hg,’,j/’”/(]R") ifo <o, e <e s <s5,)=
1,2.
Definition 5.1.2. The function space Mg, ,(R"), 0 > 3 is a set of functions v € C*(R")

that satisfy
”ea(i’(x)(Dz>k)l/gv(x)HLz <C

for some positive constants a and C'.

The function space Mg, (R") and its dual Mg, (R") are related to the Sobolev
spaces as follows

2B =[] Hs5 (R")  and 2 (R = U Haz (R,
>0 seR2 >0 seR2
We can relate these spaces to the Gelfand-Shilov spaces. Let us denote the Gelfand-
Shilov space of indices p, v > 0 as S¥#(R™). We refer to [58, Section 6.1] for the definition
and properties of Gelfand-Shilov spaces. Note that

KH7(@(2) (€))7 < S(@(2)Y7 + (*7) < 5 ((0)*7 +(€)*°).

DO | —
DO | —

Thus, we have the inclusion

Sz (R") — Mg (R").

(A olq

Further, if ®(z) = (x) we have

S: (R") = Mg, (R") = S7(R").

(A olq

In the pseudodifferential calculus, the transposition, composition and construction of
parametrix are done modulo an operator that maps Mg, (R") to Mg, (R"). This is
detailed in Section A.3. A study of Mg ,(R") and its dual from an abstract viewpoint is
our future work, see Chapter 7.
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

5.1.2 Main Result

Let us generalize the Cachy problem (5.1.1) and consider

P(t,,0, Dy)u(t,x) = f(t,z),  (t,z) €[0,T] x R,
0" 'u(0,2) = f;(x), j=1....m

where the operator P(t,x,0;, D,) is given by

(5.1.5)

m—1
P=or-3% (Am,j(t, 2,D,) + Bp_j(t, 2, Dx)>8f with
=0
Ap_j(t,x,Dy) = Z ajo(t,z)Dy  and
| +j=m
By, i(t,z, D) Z bja(t, )
la|+i<m

using the usual multi-index notation we denote D = (—4)*92. The operator P in (5.1.5)
is said to be strictly hyperbolic operator if the symbol of the principal part

m—1
P, (t,z,iT, &) = (i1)" — Am_j(t,x,f)(h)j
=0
m—1
= (im)" — a0t £)E (iT)’
J=0 |o|+j=m
has purely imaginary characteristic roots i7;(t,z,£), j = 1,...,m where 7;(¢,2,¢) is a

real-valued, simple function in ¢ and positively homogeneous of degree 1 for £ # 0 in R™.
These roots are numbered and arranged so that

Tt 2,8) < Tot,x,8) < -+ < Tp(t,x,§), and
Cw(x)(§) < |7(t, =, )], (5.1.6)

for some C' > 0, for all t € [0,7], z,§£ € R* and 1 < j < m. We assume a;, €
C([0,T]; C=(R")) N C*((0, T]; C=(R™)) satisfy
|DPa; o (t,x)| < CVPIB1Tw(x)™ I d ()P, (t,z) € [0,T] x R",
, 1 (5.1.7)
|D20,a;q(t,2)] < CPIBIW(x )m-@(x)—iﬁ‘t—q, (t,z) € (0,T] x R™,

for 3 < o < q/(g—1) and the coefficients of the lower order terms, b; , € C([0,T]; C*(R™))
satisfy
|D%b; o(t, )| < CVIB1w(x)" 7 0 (2) W (t,2) €[0,T] xR", C >0. (5.1.8)

Remark 5.1.1. Observe that we have assumed 3 < o < q/(q — 1) where as in [9], it is
1 <o <q/(q—1). The increase in the lower bound for o is due to two factors:
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5.2. Global Symbol Classes

(i) the uncertainty principle which applied to the metric go gives o > 2,

(13) the application of sharp Garding inequality in our context dictates that o > 3; this
is discussed in Section 5.5.5.
Due to this increment in o, we have q € [1, g)

Theorem 5.1.1. Consider the strictly hyperbolic Cauchy problem (5.1.5) satisfying the
following conditions:

i) The coefficients aj, of the principal part satisfy (5.1.7) and the coefficients b;
satisfy (5.1.8).

it) The initial data f; belongs to HS+(m detre AN >0 forjg=1,--- . m,e=(11).
iii) The right hand side f € C([0,T7; H;;’f"’), Ay > 0.

Then, there exist a continuous function A(t) and Ay > 0, such that there is a unique
solution

we ﬂ cm-1- ﬂ([o T); Hy e )

for A(t) < min{Ag, A1, Ao}. More specifically, for a sufficiently large X\ and 6 € (0, 1), we
have the a priori estimate

m—1

||8J ||<1>ks+(m 1—j)e,A(t) < C<Z||f]”<1>ks+(m j)e,A(0),0

/ (75 )| ,kss,0(7) dT)

for A(t) = 2(T° —1°), 0 <t < T < (6A*/AN)Y°, C = Cy > 0 and A* = min{Ag, A1, As}.

j=0

(5.1.9)

The constants Ag and ¢ in the above theorem are the constants in Theorem 5.3.1 and
equation (5.4.1), respectively.

5.2 Global Symbol Classes

Definition 5.2.1. G™"™2(w, gp 1) is the space of all functions p = p(z,&) € C>®(R*")
satisfying
08 Dp(x. )] < Capl©)F" ()™ @(x) 7, (5.2.1)

for Coz > 0 and for all multi-indices o and 3.

We need the following symbol classes with Gevrey regularity. Let u, v be real numbers
with p > 1, v > 1.
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

Definition 5.2.2. We denote by AG}'L™ (w, ga ) the Banach space of all symbols p(x, ) €

Ggyp™* such that the constant Cos > 0 in (5.2.1) is of the form,
Cas = B CUM7(at) (81",
for some B > 0 independent of a and B, and C' > 0.

After the conjugation by infinite order pseudodifferential operator, eA(t)(q’(z)<D>k)l/a,
the growth estimates for the lower order terms are governed by the metric g given in
(5.1.3). We will now define the symbol classes associated with this metric.

Definition 5.2.3. For every o > 3, we denote by G2 (w, go 1) the space of all func-
tions p(x,&) € C=(R™) satisfying
9 Dp(, )] < Capl€)" ()™ () e, (5:22)

for Cop >0, v =1— % and for all multi-indices o and (.

Moreover, we shall need the following Gevrey variant of the above symbol class.

Definition 5.2.4. We denote by AGT""*(w, go ) the Banach space of all symbols p(z,§) €

o,V

Ggy'* such that the constant Cop > 0 in (5.2.2) is of the form,
Cap = B CHA ) (8Y)",
for some C' >0 and B > 0 independent of o and [3.

Inspired from [2], we introduce the following symbol class in order to deal with the
symbols which are polynomial in ¢ and Gevrey of order ¢ > 3 with respect to x. Here
we impose analytic estimates with respect to & on an exterior domain of R?". A suitable
class for our purpose is defined as follows.

Definition 5.2.5. We shall denote by AGI""™*(w, go 1) the space of all symbols p(z,§) €
AGT™2 (W, go i) Satisfying the following condition: there exist positive constants B, C

;0,0

such that

sup sup C*|a|*w|(a!)*l(ﬁ!)—a<£>;m1+|a|
@,BEN" @(2)(€)x > Blal”

x wla) " 0(w) | Dg (. )] < +oo.
The following inclusions hold:

AGT ™ (w, gox) C AGTV™ (W, go ) C AGTY™ (W, go k) C AGTLT? (W, go i )-

;0,0

Given a symbol p € AGT'"™?(w, go 1), we can consider the associated pseudodifferential

00,0

operator P = p(x, D,) defined by the following oscillatory integral

Puta) = [ [ ¢ p(o. uly)dyde

R2n

- / e €p(x, €)a(€) (5.2.3)

R’I’L
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5.3. Conjugation by an Infinite Order Pseudodifferential Operator

where v € S(R") and d¢ = (2m) "d{. We shall denote by OPAGZL™ (w, go ), the

00,0

space of all operators of the form (5.2.3) defined by a symbol p € AG}L" (w, g k). In
Section A.3 of Appendix A we give the calculi of the operators in OPAGT" ™2 (w, go i)
and OPAGY'.™(w, go ;) which can be easily constructed using the standard arguments

;0,0

given in [58, Section 6.3] and [2, Appendix A].

5.3 Conjugation by an Infinite Order Pseudodifferential Operator

In this section, we perform a conjugation of operators from OPAG'L™(w, ge ) by

AOE@@DINYT 5 > 3 Here we assume that A(f) is a continuous function for ¢ € [0, 7.
The following proposition gives an upper bound on the function A(t) for the conjugation

to be well defined.

Theorem 5.3.1. Let p € AGIL™ (w, go i) for some o > 3, m = (my,mz) € R* and
A = A(t) be a positive continuous function of t € [0,T]. Then, there exists Ay > 0 such
that for A(t) < Ao,

3
AD@@DINY 0 DY MD@E@UDINYT — DY + ng’f) (t,z, D,), (5.3.1)
k=1
where
rO(t,x, D,) € C([0,T); AG, SN W™ 0, o k),
rO(t,, Dy) € C([0,T); AGT (D, Ga 1)),
rO(t, 2, D) € C(10,T]; AG; (@, Ga)),
forvy=1-— %

To prove the Theorem 5.3.1, we need the following lemma, which can be given an
inductive proof.

Lemma 5.3.2. Let ¢ #0, 0 > 3. Then, for every o, 3 € Z';, we have

1/o

P02 =@ < (Ce)lalHBl ) B (o)~ IBIHlal /e () Al pe(@(@)E)e)

Proof of Theorem 5.3.1. Throughout this proof we write A in place of A(t) and denote
O(z)(€)r by ¥(x, &) for the sake of simplicity of notation. Let py ,(x,&) be the symbol of
the operator

AD@EDIY 0 1)~ MO@ED))

Then pa ,(x,€) can be written in the form of an oscillatory integral as follows:

Profe.€) = [ [t o s g (5.3.2)

x e MY 4 e dydn,

83



Chapter 5. Very Fast Oscillations: ¢ > 1 Case

Taylor expansions of exp{At(z,£)*/?} in the first and second variables, respectively, are

n 1
efAllﬂ(eryﬁ)l/a — ewa(fL”,{)l/g + Z/ y<aw/ e,Aw(w/’g)l/v del, and
p 0 J=w; w'=x+01y
n 1
eAw(%&_i_C_i_n)l/a _ 61\%1’(9375)1/” i Z / (Cz + 77¢>8w-€Aw(x7w)1/a 0.
~'Jo ! w=£+62(n+¢)

We can write py , as

3

Pro(T,§) = p(x,§) + er\l)(t,x,f) where

=1

POz, ¢) = / - / e (e + 2, € + m)dzdcdydn,

and I;, [ = 1,2, 3 are as follows:

n 1
I = ATy / Oy eIV i,
j=1"0

w'=x+01y

dfs and
w=E§+02(¢+n)

db,
w=E+02(¢+n)

d91> .
w'=x+01y

We will now determine the growth estimate for rfxl)(t, x, §) using integration by parts [37].
For o, B,k € Z1} and | € Z, we have

n 1
L= e WOy / (G + 1) Doy, N7
i=1 V0
n 1
zw)l/e
b (Z/ (G + 1) Doy V1)
i=1 70
- 1 11/
A\ e
j=170

020lr\V(t,z,€)

=Y Y S [ e e @ 0l D+ 2.6 )

j=1 B/+B"<B o'+ <a

1
x/ 3?”36”31”;6A(<I>(:v)1/"—<1>(w’)1/")<£>,1€/U do,dzd¢dydn
0

w'=z+01y

=Y Y Y [ e e o Do
j=1 6/+ﬁ”§5 a’+a“§a
X (D22 D (00 D)o 4 2.6 + 1)

xT

1
X /O <Dy>§lag”85”aw;_eA@(x)”"*‘I’(w/)””)<5>i/ d6,dzdCdydn.

w'=x+01y

84



5.3. Conjugation by an Infinite Order Pseudodifferential Operator

Let By (t,2,y,€) = exp{A(®(z)/7 — ®(x + 61y)/7)(¢)}/"}. Note that for [y| > 1 we have
(y) < V/2|y| and in the case |y| < 1 we have (y) < v/2. Using these estimates along with
the fact that (y)~*l < ®(y)~!*l we have

|8§‘65 (U(t z,8)| < C\a|+|ﬁ\+2 (2)"2® (2 )—’y—v|,3|+|oc|/a<£>Zn1—7—’y|o¢|+\5|/a

< >y / / Jlma=3ll gy (418”1 +1e” /o

B +B"<B o +a"<a

o |"7|
a1 [ 4~]a” | +]8”] o+ || ~21 10(01_2)
>< 17 H-
()1 "\ 30

X (€07 En(t 2.y, €)(2) *(C) M dzdCdyds.
Given «, § and k, we choose [ such that 2] > n 4+ max{m, ms} + |a| + |5| + |k|. So that

’8?(957”/(\1)(@ z,8)| < C\la|+|r3\+2<€>Zl1*’Y*Vla|+(|5\+2l)/0w(x)m2(I)(x)*'yfv\ﬂlﬂa\/ﬂ
0120 )|’€| o
X Kl ——— | @ Ei(x,y,&)d
Noting the inequality (see [58, Lemma 6.3.10])
1 J
inf (01_2) < Cle-a@EOn”
e o))

for some positive constants C’ and ¢; where C” depends only on C; and ¢; on n and Cf,
we have

‘3?(95 m(t z, )| < C“"'*'ﬁ\“<§>;§n1—7—7\al+lﬂ\/0w($)mzq)(x)—v—vlﬁlﬂal/o
X /e—cﬁb(y)l/g<§>;1€/UCI)(y)2lE1(x’ y,f)dy
Let I" € Z* such that g > [. Then, we have e*CI‘I’(y)l/"<€>i/”¢)(y)2l’/a < (21! o~ o) ©
Hence,
g0} (t,2,€)]

< Cla‘+‘ﬁ|+2 <€>211*’Y*'Y|a‘+|f8|/aw<x)m2q)(x)—’y—’y\ﬁ|+|a\/0'

- / exp { (A®(@)"7 = AD(w + 01y)"7 = T0()"/*)(€)}/” pay.

For |z| < |y|, clearly ®(z)"7 — ®(z + 6,y)/7 < ®(y)"/?. For |z| > |y|, we have

®(2)"7 — @z + 01y)7 < O(2)"7 — (@(z) — @(6hy))"”

< @(x)l/a _ (q)(a:)l/o _ (I)(ely)l/a) < (I)(y)l/", (5.3.3)

Since ¢; is independent of A, there exists A > 0 (in fact, A) = ¢;/2) such that, for
A = A(t) < AWM we obtain the estimate

1/c

!35 aﬂ (t z,6)] < Clel+81+2 (2)"2®(x) "7~ YNBl+Heal /o =€)
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

Thus rA € C([0,T); AGS2H(w™® ™7, Go))-

In a similar fashion, we will determine the growth estimate for r )(t z,€). Let
a,B,k € Z and | € Z,. Then

80‘8’37"/(\2) (t,z,§)

S YN [ [ o,

i=1 B/+8"<B o/+a' <a

()i (D) (D)3 (00 Dep)( + 2,6 + 1)
/ 0" 92" 9, (7O

dBsdzdCdydn,
w=£+02(n+¢)

80‘8ﬁr5\2)(t z,§)
S Y XY [ [ o o,

i=1 B'4+8"<B o' +a' <a

X (1)1, " (D) (D) (080 Dup) (w + 2, € +1)

/ ag”aﬂ”a @)V (W), =€),/ dOsdzdC dydn.

w=&+02(n+¢)

x

Let Ey(t,z,&,n,() = exp{AD(x)/7((£ + Oy(n + O>;1€/a — (£ >1/U)} Using the easy to show
inequality ®(z + 2)® < 2Bl®(2)*®(2)!*l, ¥s € R, we have

‘8046,8 (t x f)’ < O|04|+|/3\+2<€>Z"01*’Y*’Y\Oé|+|/3‘/0 ( )mch(x)—’y—’y|5|+|a|/a

3 Z/ / Jima-131+1 (a1

B'+B"<B a'+a!" <
3 o are . 0220 el
< i QR e (G )

x (2) 2 )y SN B (4w €, C)dzdCdy dny.

In this case we choose [ such that 2] > 2(n + 1) + max{m, ms} + |a| + || + ||. Noting
that (()r(C)r) ™" < (¢ +n); " and

C52° T e e
inf jlo( ——20—— ) < C'ee(®@(Cme)
sty ‘1)(95)@ +mr)

for some ¢y > 0. Thus we have

0£07r (8, 2, €)|
< OOé|+|ﬁ+2<§>?1—7—W0‘|+|/3/Uw(‘r)mg(b(l,)—'y—'ﬂm—i-ﬂa+l)/o//<n>;2(n+l)

< exp{®(a) (A + (n+ Q)" = MELT = T(C+ /")) dcan.
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5.3. Conjugation by an Infinite Order Pseudodifferential Operator

For 47+ Qe < 34 Quy we have (€ +n+ O = (71 < 3+ Q)" For
(€ +n+Qr = 3(n+ Q. that is, (§)x > 2(n + ()x, we have

Ern+OyT = <In+ClUEk — n+On)7 L < i+ 07 (5.3.4)

Since ¢y is mdependent of A, there exists A® > 0 (in fact, A® = ¢,/12) such that, for
A = A(t) < A® we obtain the estimate

B¢ (1,2,€)] < COMIAR (g1l o

Thus TA € C([0,T]; AGT - ~°(®, go,r)). By similar techniques used in the case of

7“5\1) and r/(\), one can show that 7“5\3) € C([0,T]; AG, 2 (®, gor)). Taking Ay =
min{A®, A®}, proves the theorem. O

Remark 5.3.3. 1. The conjugation of Theorem 5.5.1 can also be performed by start-

mi,mso

ing with a symbol p € AGLLT2 (W, ga k).

2. If ®(x) = C for some C > 1, then the proof of Theorem 5.5.1 takes simpler form
as in [47, Proposition 25’/ In such case, for Co = CY7 we have

AP (g, D) e NODPDT = 3 D)+ ra(t @, D),
where rz(t,x,&) is in the Hormander class S}, v =1— 1, for each t.

Next, we prove two corollaries of Theorem 5.3.1 which will be helpful in making
change of variables in the proof of the main result.

Corollary 5.3.4. There exists k* > 1 such that for k > k*,
AD@E@N DI = AB(@@IDIYT — [ 4 R(t, 7, D,) (5.3.5)
e~ AD@@D))7 AD (2N D) — [ 4 R(t,m, D,) (5.3.6)

where I+ R and I+ R are invertible operators with R, R € C([0,T); OPAG;2(®, Go.x))-

00,0

Proof. The equation (5.3.5) can be derived by an application of Theorem 5.3.1 with
p(z,D) = I € OPAG%°(w, go), where I is an identity operator. This yields R as in
(5.3.5). We can estimate the operator norm of R(¢,z, D,) by C1k~7. Choosing k > ki,
where k; is sufficiently large, ensures that the operator norm of R(t,z,D,) is strictly
lesser than 1. This guarantees the existence of

(I+ R(t,x,D,))™" => (=R(t,z,D,)

Jj=0

As for the equation (5.3.6), we follow the same procedure given in the proof of Theorem
5.3.1 with inequality (5.3.3) replaced with

—®(2)7 + (x4 019)"7 < —@(2)V7 + (D(x) + (61y))"°
< =)+ (x) V7 + 0(61y)) 7 < ()7,

for #,y € R™. This yields (5.3.6) with R € C([0, T7; OPAG;Y,(®,go)). Choosing k > k

for ks sufficiently large, guarantees that I + R is invertible. Taking k* = max{ki, ks }
proves the corollary. O]
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

If we take A(t) = 2(T° — ¢°) for A > 0 and d € (0, 1), then we easily have

AO@EDINYT 5 (~AO@EDINY 1 1)
= (I +R) (Qw(t, z) — A’(t)(@(m)(D)k)l/”w(t,x))

= (4 R) (0,4 5 (@) (D)) ult. ),

where the operator R(t,x, D,) is in C([0,T]; OPAG, 1 (®, Gox)). As in Corollary 5.3.4,

00,0

the operator I + R(t,z, D,) is invertible for sufficiently large k. In the proof of the main
result, we choose \ appropriately so that we can apply sharp Garding inequality to prove
the a priori estimate (5.1.9).

Corollary 5.3.5. Let 0 < e <& < Ag where Ay is as in Thereom 5.5.1. Then
(FED = @@DINT _ (=) @@DIY ([ 4 Rz D)), (5.3.7)

where R € OPAG:° (D, go ) and for sufficiently large k, I + R is invertible.

0,0,0

Proof. The equation (5.3.7) can be derived by an easy extension of Theorem 5.3.1. For

this we replace the inequality (5.3.3) with
e®(2)"7 — £'Bla + 01y) "7 < ()7 — £'(B(x) — @(01y))""
< ed(2)V7 — &' (B(2)V7 — D(0,)"7) (5.3.8)
< (e = €)®(x)V7 +'D(y)”

when |z| > |y| and e®(2)Y7 — & ®(x 4 01y)"/7 < ed(2)/7 4+ 'P(y)Y/7 — £'®(2)Y/7 when
|z| < |y| and the inequality (5.3.4) with

e +n+ 0 — € < el +eln+ QYT — )

5.3.9
< (e =N +eln+ 7, (539
for £,n,( € R". O

We use the above corollaries to prove the continuity of an infinite order operator
65(¢'(-’£)<D>k)1/6 on the SpaCGS H:;’&]:7O-.

Proposition 5.3.3. The operator ¢=®@@Dm"" . HSE 7 H;,Ek =9 is continuous for
k>kyand 0 <e <& < Ay where ko sufficiently large and Ao is as in Theorem 5.5.1.

!
Proof. Consider w in Hg%°. From Corollaries 5.3.4 and 5.3.5, we have

e @@L @@ DWW _ [ L R (2. D,),
(FOEDI = @@DWYT _ (e~ @ENDIY (T 4 Ry (z. D)),

(€ @D ()@@ _ [ | Ru( D).
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5.4. Subdivision of the Phase Space

where R17R2,R3 € OPAG. (P, go ). For k > ko, ko sufficiently large, the operators

o0,0,0

I+ Rj(x,D,),j =1,2,3 are invertible. Then, one can write

ed@@anﬂ”U,:(;@@MDn»UU<gf%¢uanﬂNéa@xw<> IN__}ﬁ)

This implies that

1/o

Q@D (T 1 R Y = =N @@IDIYT ([ 4 Ry @@HDIWY 7y, (5.3.10)

From (5.3.10), we have

1/o0

o€ @D = @@HDIT (1 L R Yy = (I + Ry)(I + Ry)e” @@ D07y

Note that (I + R;),j = 1,2,3, are bounded and invertible operators. Substituting w =
(I + Ry)™'v and taking L? norm on both sides of the above equation yields

/o
Hee(q’( (D)) V|ogse—eco < Cil|( + Ry)™ UH<I>,k;s,z-:’,a < Ch|v]|@ kst o

for all v € H;’j;’a and for some C},Cy > 0. This proves the proposition. H

5.4 Subdivision of the Phase Space

We divide the extended phase space into two regions using the Planck function, h(z, &) =
(P(x)(€)r)~". For the sake of subdivision we define ¢, ¢, for a fixed (z,£), as the solution
to the equation

t9 = N h(z,§),

where N is the positive constant and ¢ is the given order of singularity. Since 3 < o <
q/(q — 1), we consider ¢ € (0,1) such that

1 q—1+6 1-6
LI s (5.4.1)
o q q

Denote y = 1— 2. Using ¢, ¢ and the notation J = [0, ] x R" x R" we define the interior
region

Zit(N) ={(t,2,6) € J: 0 <t <tyg, x|+ |{] > N} (5.4.2)
={(t,x,§) € J :t"° < N7 h(z,8), |z| +[¢] > N}, -

and the exterior region

Zeat(N) ={(t,2,§) € J i tog <t <T, |z +[¢| > N}

(L€ €002 N hen, ol 41> Ny O

The utility of these regions lies in decomposing our operator into, mainly, two operators.
The first operator has a high-order in (z, ) but excludes the singularity at ¢ = 0 and the
second operator has a singularity at ¢ = 0 but is of lower-order in (z,¢).
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

5.5 Global Well-Posedness

In this section, we give a proof of the main result. There are three key steps in the proof.
First, we factorize the operator P(t,z,d;, D,). To this end, we begin with regularizing
the characteristic roots of the principal symbol of the operator. Second, we reduce the
operator P to a pseudodifferential system of first order. Lastly, we perform a conjugation
to deal with the low-regularity in ¢. Using sharp Gardings inequality we arrive at L2-
well-posedness of a related auxiliary Cauchy problem, which gives well-posedness of the
original problem in the Sobolev spaces Hg%”, 3 <o < ¢/(q—1).

5.5.1 Factorization

We are interested in a factorization of the operator P(t,x,0;, D,). Formally, this leads

to
P(t,xz,0, D;) = (0 — ity (t, 2, Dy)) -+ - (O — im(t, z, D,))

m—1
5.5.1
+ ZRk(t,x,Dz)ﬁf ( )
k=0
where .
7 € C([0,T]; AGg(w, gox)) N C((0,T]; AGy (w, go k),
t10,m; € C([0,T); AGS(w, 9o ) NC((0,T]; AGE(w, goi))-

Since the operators 7;(t,z, D,) are not differentiable with respect to ¢t at t = 0, we use
regularized roots \;(t,z, D,) in (5.5.1) instead of 7;(¢,x, D,) for j = 1,--- ,m. For this
purpose we extend the roots on (7, 00] by setting

7;i(t,x,&) = 7;(T,z,§) whent >T.

Then we define the regularized root A;(t,z,&) as

Aj(t,x, &) = /RTj (t —h(x,&)s,z,£) p(s)ds (5.5.2)

where p is compactly supported smooth function in S (R) satisfying [ p(s)ds = 1 and
R
0 < p(s) <1 with supp p(s) C R.g. Then

(A = )t 2, 8) = /(Tj(t = @, §)s,2,8) — 75(t, 2,))p(s)ds

! -1
— h($,§> /(Tj(S,x,f) — Tj(t,x,g))p((t — 5>h(x7§) )dS

It is easy to see that

9N € LY([0, T]; AGEHH (w®7, go i) N C([0, T]; AGEHH (w®, ga i), a
and
t1(A; = 75) € C([0, T]; AGZ° (w, gar) (5.5.4)
tqag)‘j € C([OvT]a AGge(wang))? j € N. o
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5.5. Global Well-Posedness

We define the operator
P(t,z,0,,Dy) = (9, — iAn(t,x, D,)) - (0 — i\ (t, z, Dy)).
By (5.5.3) and (5.5.4) one has the following factorization of the operator P

P(t,z,0,,D,) = P(t,z,0,, D,) + R(t,x,;, D),

where B
R(t,x,@t, R] t xZ, D
7=0
such that for 7 =0,...,m — 1,
R; € LY([0,T]; AGI=9%(®, gp 1)) N C([0, T); AGI™ (D, g3 1)), and (5.5.5)
t1R; € O([0,T); AGU" 194D, gg ). (5.5.6

)
To determine the precise Gevrey regularity for R;(t, z, {), we consider the regions, th(N )
and Z.,;(N), separately. In Z(N), we have (®(z)(€))” < A55. Using this and (5.5.5),

we can write
|02 DER;(t,2,6)| < ClHPIBITald ()™=l (g) 77N (@ () (€))

N7 , i
< C{“\Hﬁlﬂ!aalt_q)(xyn—fy—j—\m<§>Z¢ y—j—lel

1
Similarly, in Ze.(N), we have t9/7 > (N h(x,{))% and

111 1 <q>(x)<§>k>1/f’

t_q o t1-6 ta/o < $1-6 N

Using this and (5.5.6), we have

08 DYR;(t,2,€)| < C‘alﬂﬁ\maa!lq>(z)m71—j—w|<5>szlfjf\a|

N— 1/o

+ o
< C\al |ﬂ\ﬁ| al— s

(I)(x)m—v—j—lﬁl<£>Z®‘V—j—|a|
Hence, we have t!°R; € C([0,T7; AGS,”‘”‘j)e(@,gq)vk)) for j=0,---,(m—1).

5.5.2 Reduction to First Order Pseudodifferential System

We will now reduce the operator P to an equivalent first order pseudodifferential system.
The procedure is similar to the one used in [12, Section 4.2 & 4.3]. To achieve this, we
introduce the change of variables U = U(t, z) = (uo(t, ), -+ , Um_1(t,z))", where

{uou, x) = w(a)" (Da)p ult, @),
wj(t, ) = w(@)" (DT (0, — iNi(t,x, Dy)) -+ (0 — i (t, 2, Dy))ult, @),
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

for j=1,---m — 1. Then, Pu = f is equivalent to
(O — As(t,z, Dy) + As(t,x, D))U(t, x) = F(t,x),

where F(t,z) = (0,...,0, f(t,z))T,

i\t (t,z, D) w(x)(Dy)p 0 ... 0
0 ) . :
Al(tavaw): 0 )
: - w(@) (D)
0 o 0 A (D)

and Ay(t,x,D,) = {ag? (t,z,Dy) }i<ij<m is a matrix of lower order terms with ag?j) €

le
AGYY (D, gp ) fori=1,...,m—landj=1,...,m, and tlf‘sag:?j € C([0,T]; AGS (P, ga))
forj=1,...,m.
Consider the T'(t,x,&) = {B,4(t, %, &) }o<p.g<m—1, Where

Bpq(t,z,6) =0, p>q;
(1= (P(2) () (w(@)(E)r)TP
Bpﬂ(t’x’g) N dp,q(tawf) ’

dpv‘l(tx?é) = H i()\qul(t,l',f) - )\T‘(twr?g))v

r=p+1

P <4q;

where p; € C5°(R), p1(r) = 1 for [r| < M, for a large parameter M. Note that the matrix
T(t,z,€) is nilpotent. We define H(t,z,D,) and H(t,z,D,) to be pseudodifferential
operators with symbols

H(t,x,&) =1+ T(t z¢), and
m—1

H(t,z,) =1+ (-1YT9(t,x,¢), (5.5.7)
j=1

respectively.

Proposition 5.5.1. For the operators H(t,z, D,) and H(t,x, D,), the following asser-
tions hold true

i) H(t,z,D,) and H(t,z,D,) are in C([O,T];OPAGS’O(CI),ng)).

i) The compositions of H(t,x, D,) and H(t,x, D,) satisfy

. (5.5.8)

H(t,z,D,) o H(t,xz, D) = I + K(t,x, D),
H(t,x,D;)o H(t,x,D,) = I + Ks(t,z, D,),

for K;(t,x, D) € C’([O,T]; OPAG;e(d),gM)), j=1,2.
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5.5. Global Well-Posedness

iii) The operator t4(0,H)(t,x, D,) belongs to C’([O,T]; OPAGg’O(CIJ,gq,,k))

iv) The operator t*=°(0,H)(t,z, D,) belongs to C’<[O,T]; OPAG;Q(®,9@7k)>.

Note that I + Kj(t,z, D,) is invertible for sufficiently large M. Since K;(t,z,D,) €
C’([O,T]; OPAG;e((I),ng)), we can estimate the operator norm of K by CM~! where

M is as in the definition of H(t,z,D,). We choose M sufficiently large so that the
operator norm of K(¢,z,D,) is strictly lesser than 1. This implies that I + K;(¢, z, D,)
is invertible and

(I + Kj(t,x, D))" =

NE

(—K;(t,z,D,)) € C([O,T];OPAGg’O(CD,g¢7k)).

N
Il
=)

We perform the described change of variable by setting
U=U(tx)=H(t z,D,)U(t, z).
The above equation and (5.5.8) imply that
Ut,z) = (I + Ki(t,z, D)) H(t,z, D,)U(t, x).

Noting this fact, we obtain (similar to [12, Section 4.3]) the first order system equivalent
to (5.1.5) : X
(0 — As(t,z, D) + Au(t,z, D,))U(t,x) = Fi(t,x),

where Fi(t,z) = ng(t,x,Dx)*llzl(t,:E,Dz)lCl(t,x,Dz)F(t,x) for K;(t,z,D,) = (I +
K(t,z,D,)), j =1,2, and the operators A3z and A, are as follows

Ay = K;PHK AWK H,
Ay = K3V HK ASKTHH + K Y HK (0K 7Y H + KV HOLH.

We can write

As(t,z, Dy) = D(t,x, D,) + As(t, z, D,)
A(t,z,D,) = Ay(t,z, D,) — As(t, z, D)

where D = diag(i\ (t,z, Dy), ..., iAy(t,z, D,)), and A(t,z, D,) contains the lower order
terms whose symbol is such that

le
t'°A € C([0,T); AGS"(®, go ).
Then, Pu = f is equivalent to
LU = (9, — D+ AU = Fi(t,z). (5.5.9)

We prove the a priori estimate (5.1.9) by proving that

t
10 eser00 < CI0O eserora+ [ IAEoseroradr),

93



Chapter 5. Very Fast Oscillations: ¢ > 1 Case

where A(t) = 2(T° — t°) for sufficiently large A.

It is sufficient to prove the above estimate for s = (0,0) since the operator Ly =
O (2)*2(Dy) 3t L1(Dy) . " ®(x) 2 satisfies the same hypotheses as Ly. That is, for V(¢,z) =
O(2)2 (D) U(t, ), LU = Fy implies LoV = F, where Fy(t,z) = ®(x)%(D,) Fi(t, z).
So, assuming s = (0,0) we let Ly = Ly = 0, — D + A.

To deal with the low-regularity in ¢, we introduce the following change of variable

W (t,z) = erO@@DIYT Y (¢ gy (5.5.10)

This implies that V (¢, z) = (I+R(t, 2, D,)) te 2O@@DD0Y W (¢ ). Here I4+R(t, x, D)
and I + R(t,z,D,) are invertible operators as in Corollary 5.3.4. Let us denote I +
R(t,x,D,), I+R(t,x, D,) and eAO@@DD0Y by R (¢ x. D,), R(t, z, Dy) and E®) (¢, 2, D, ),
respectively. Then Pu = f is equivalent to L3W = F3 where

A
Ly =0, = D+ (B+ (@) (D))",
Fs(t,x) = R"VEMRF,(t, ) and the operator B(t,z, D,) is given by
B=R"'EW (7?(&7@‘1) + ﬁAﬁ—l)E<—> — (REWRDRIE) — D).

Observe that from Theorem 5.3.1 and from the Cauchy data given in conditions (ii)
and (iii) of Theorem 5.1.1, we need A(t) < A* = min{Ag, A1, Ao}. This implies T' <

(%A*)l/é. Then, we have t'°B € C([0,T]); OPAG..5(®, gs1)). The estimate (5.1.9) on
the solution u can be established by proving that the function W (t,z) satisfies the a
priori estimate

W ()2 < C<||W(O)||%2 +/0 ||F3(T,-)||L2d7'), t€0,7], C > 0. (5.5.11)

5.5.3 Energy Estimate

Observe that we have LsW = Fy whenever LiU = Fy and ||[W(t)||12 = ||U(t)|]q>,k;57A(t)7J.
Moreover, the problem L3W = Fj is equivalent to an auxiliary problem

A

W = DW — (m

(®(2) (D)) V"W + Bw) 4 Byt 2),

for (t,x) € (0, 7] x R, with initial conditions

W(0,z) = (wo(x), ..., wn_1(x))", where

w(x) =MD D (2)%2(D,)* H(0, 7, Dy)® ()™ (D)™ 1
X (0 —iXj(0,2,Dy)) -+ - (Op — iM (0, z, Dy))u(0, x)
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5.6. Anisotropic Cone Condition

for j =0,...,m — 1. To prove (5.5.11), let us consider
@HW(t)H%z = 2Re<8tVV, W>L2
A
— 2Re(DW, W),z — 2Re < (—(@(m)(Dg)k)l/a + B)W, W>

t1—o L2
+ 2Re(F3, W). (5.5.12)
Since D is diagonal with purely imaginary entries, we have

Also, note that t'~°h(z, D,)"?B(t,x, D,) € C([0,T]; OPAGY2. (P, go1)). We choose A
sufficiently large so that we can apply sharp Garding inequality, see [43, Theorem 18.6.14],
for the metric go, given in (5.1.3) with the Planck function iz, &) = (®(z)(€)x)s 7. It
is important to note that the application of sharp Garding inequality requires ¢ > 3.

This yields
A 1/o
Re<<t1—_5(¢(x)(Dw>k) /7y B)W, W>L2 > _Cyl|W e, Co > 0. (5.5.14)
From (5.5.12), (5.5.13) and (5.5.14) we have
d
ZIWOlze < CIW @)l + ClFs(E, 2.

Considering the above inequality as a differential inequality, we apply Gronwall’s
lemma and obtain that

t
W@l < CIIW )17 + C/O 1F5(7, )|

This proves well-posedness of the auxiliary Cauchy problem. Note that the solution U
to (5.5.9) belongs to C([0,T; H;’z(t)’a). Returning to our original solution v = u(t, x) we
obtain the estimate (D.3.7) with

m—1
we () e ([0, 7] Hy M),
§=0
This concludes the proof. Il

5.6 Anisotropic Cone Condition
Let K(2°,t°) denote the cone with the vertex (z°,t°):
K@%, 1) = {(t,2) € [0,T] x R : |z — 29) < cw(z)(t* — 1)},

where ¢ > 0. The cone K (x°,¢°) has a slope cw(x) which governs the speed of the growth
of the cone. Note that the speed is anisotropic, that is, it varies with . For a given (¢, x),
it is well known in the literature (see [76, Section 3.11]) that the influence of the vertex
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Chapter 5. Very Fast Oscillations: ¢ > 1 Case

of cone is carried farther by the dominating characteristic root of the principal symbol of
the operator P in (5.1.5). So, the constant ¢ is determined by the characteristic roots as

¢ = sup {|Tk(t,x,§)|w(a€)_1 ck=1,... ,m}, (5.6.1)

where supremum is taken over the set {(¢,z,€) € [0,T] x R} x Rg : |{| = 1}. Note that
the speed of growth of the cone increases as |z| increases since w is monotone increasing
function of |z|. In the following we prove the cone condition for the Cauchy problem
(5.1.5).

Proposition 5.6.1. The Cauchy problem (5.1.5) has a cone dependence, that is, if

— 0, 0,i=1,...,m (5.6.2)

f | K (29,10) fi | K(20,t0)n{t=0}

then
=0, (5.6.3)

u’K(mO,tO)

provided that ¢ is as in (5.6.1).

Proof. Consider t° > 0, ¢ > 0 and assume that (5.6.2) holds. We define a set of operators
P.(t,z,0;, D,),0 < e < gy by means of the operator P(t,z,0;, D,) in (5.1.5) as follows

Pa(t,zr,ﬁt,Dx) = P(t—’—s,l',at,Dx), te [07T — 80],37 € Rn,

and g9 < T — t°, for a fixed and sufficiently small 5. For these operators we consider
Cauchy problems

P, = f, t€[0,T —gg], x € R"
OF10.(0,2) = fr(z), k=1,...,m.

Note that v.(t,z) = 0 in K(2°t°) and v. satisfies the a priori estimate (5.1.9) for all
t € [0,T — go]. Further, we have

P (ve, —ve,) = (Py — Py 02y, tel0,T —¢g, x € R” (5.6.6)
85_1(1}81_”62)(0755):07 k:1,...,m.

For the sake of simplicity we denote b; (¢, x), the coefficients of lower order terms, as a;
for j + |a| < m. Substituting s — e for s in the a priori estimate, we obtain

3

107 (Ve — vey) (£, )| s+ (m—2—)esr (1) 0

<
Il
o

t
<c / 1Py = Po)es (72 Mseenryor (5.68)
0

t
< O/ Z 1(aja(T +e1,2) — ajalT + €2, %)) 0] Dyve, (7, )@ pss—e,A(r) .0 AT-

O jtlal<m
j<m
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5.6. Anisotropic Cone Condition

Using the Taylor series approximation, we have

T+e1
|aja(T+¢€1,2) — ajo(T + €2, \—‘/ (0raj.0) ra:)dr‘
T+e2
| [T dr
SW(Z’)m_] / —
T+e2 rd

< w(x)m_j|Eq(T7 €1, 52)|a

where
1 (T4+e)Tt = (1 +e&)7 !

qg—1 ((1+e2)(r+ey))e !

Note that E,(7,e,¢) = 0. Then right-hand side of the inequality in (5.6.8) is dominated
by

E,(7,e1,62) =

/ |E T, 51752 |Z || ajveg |CI>ks+(m 1—5)e,A(7),0 dT,
where C' is independent of . By deﬁnmon, E, is L;-integrable in 7.
The sequence v,,, k = 1,2, ... corresponding to the sequence €, — 0 is in the space
m—1
(o (0. g0 ) e >
§=0

and v = lim v,, in the above space and hence, in D'(K(2°,t°)). In particular,

k—o0
(u, @) = klim (Vey, ) = 0, Voo € D(K (2°,1°)).
— 00
gives (5.6.3) and completes the theorem. O
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Chapter 6

Very Strong Blow-up

In many circumstances in modern analysis, contrary to the usual point of view, the
operation of integration proves a much simpler one than the operation of
derivation.

— Hadamard

The goal of this chapter is to establish global well-posedness and loss of regularity
for singular hyperbolic equations with coefficients having very strong blow-up rate in
time and polynomial growth in space. In the previous chapters we dealt with mild,
logarithmic and strong blow-up. In this chapter we deal with blow-up rate given by
p€[0,2).q€ (1,2) in Definition 1.2.3.

6.1 Introduction and Statement of Main Result

Let us consider a prototypical strictly hyperbolic Cauchy problem:

1
Otu — a(t, x)0%u + Z bi(t, )00 = f(t,x), (t,x)€ (0,T] xR,
J1=0 (6.1.1)
J+HI<1

w(0,2) = fi(x), Opu(0,x) = fo(x).

The operator coefficients are in L' ((0,T]; C*(R)) N C* ((0,T]; C*(R)) and the singular
behavior of the above Cauchy problem is described by the following estimates
)

00,a(t,2)) < CD w(w)?d(x) th

0da(t, )| < CF wixPe(a) P (6.12)

192bju(t,2)| < CF w(a) @ (x)~ 1! 1

)

with 8 € No, C{ > 0,4 = 1,2,3, ¢ € (1,00),p € [0,1),p < ¢ — 1 and r € [0,1). The
functions w(z) and ®(x) are positive monotone increasing in |z| such that 1 < w(x) <

99



Chapter 6. Very Strong Blow-up

®(x) < () = (14 |z|?)Y/2. They specify the structure of the differential equation in the

~Y

space variable.
An example of a coefficient a(t, x) satisfying (6.1.2) is given below.

Example 6.1.1. Let T =1, k1 € [0,1] and ko € (0,1] such that k1 < k3. Then,

a(t,z) = ()2 (2 + cosla) ™) (t% (2 sin <tl_1/8> ))

; ; ¢ _ K _ K _ 1 _ 1
satisfies the estimates (0.1.2) for w(x) = (x)™, ®(x) = (x)", p= 7, ¢ = 5. The evample
shows that singular coefficients can also have infinitely many oscillations near t = 0.

0.000 0.002 0.004 0.006 0.008 0.010

Figure 6.1: Behavior w.r.t time variable for the Example 6.1.1

Colombini et al. [15] considered the Cauchy problem (6.1.1) with operator coefficients
independent of 2 and singular behavior prescribed by the parameters p € [0,1),¢ € (1, 00)
and » = 0. They report well-posedness in Gevrey space G®,1 < s < %, with infinite
loss of derivatives. In the previous chapter we studied the case of p = 0,q € (1, %) and
r = 0 with generic structure functions w and @ in (6.1.2) and report infinite loss of both
derivatives and decay.

In this chapter our interest is in the operator coefficients with polynomial growth in
x and very strong blow-rate. In particular, our interest is p € [O, %),q € (1, %) p <
q—1,r €]0,1) and polynomial growth in x prescribed by w(x), ®(x) in (6.1.2).

In order to microlocally compensate the infinite loss of regularity, we conjugate a first
order system related to the Cauchy problem by a loss operator which is an infinite order

pseudodifferential operator of the form
9@ Da), (6.1.3)

Here A € C([0,T]) and the symbol of the operator O(z, D,) is given by h(z,£) Y7 =
(®(x)(£)x)Y” where h(z,€) is the Planck function related to the metric gg in (2.1.2)
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6.1. Introduction and Statement of Main Result

and 3 <o < (¢—p)/(qg—1). The operator O(z, D, ) explains the quantity of the loss by
linking it to the metric on the phase space and the singular behavior while A(t) gives a
scale for the loss.

Our methodology relies upon two important techniques: the subdivision of the ex-
tended phase space into two regions and conjugation by a loss operator. Both these
techniques result in the change of the metric governing the operator where the new met-
ric is conformally equivalent to the one in (2.1.2). As seen in (6.4.3), the characteristic
roots corresponding to the operator P showcase a stronger singular behavior compared
to the principal symbol. Due to the subdivision of the phase space, this results in the
change of the metric as demonstrated in Lemma 6.4.1. This metric is of the form

~(1 /

G = (@(2)()1)? gk, (6.1.4)
where ¢’ = ﬁ. On the other hand, Theorem 5.3.1 in the previous chapter suggests that
the conjugation by the loss operator changes the metric to

Ga = (B(2)()1)* ga. (6.1.5)
As our approach to establish well-posedness is based on the energy estimates, we consider
the metric gfﬁ)k = §<(1>1,)k vV gfﬁfk for the application of the sharp Garding inequality [43,
Theorem 18.6.14].
We report that the solution experiences an infinite loss of regularity index in relation
to the initial datum in Sobolev spaces Hg3” (R") (0 >2,6>0, s=(s1,52) € R?) that
are defined in Section 5.1.1 of the previous chapter.

6.1.1 Main Result
Let us generalize the problem in (6.1.1) and consider
{P(t,x,&t, Du(t,z) = f(t,z),  D,=—iV,, (t,z) € (0,T] x R,

U(OVI) - fl(x)a atu(owr) = f2(‘r)7

with the strictly hyperbolic operator P(t,z,0;, D,) = 0? + bo(t,x)0, + a(t,z,D,) +
b(t,x, D,) where

(6.1.6)

a(t,xz, &) = 2": a;;(t, )&  and btz ) = iibj(t, )& + by (t, ). (6.1.7)

ij=1 j=1
Here, the matrix (a; ;(t, z)) is real symmetric for all (¢,z) € (0, T]xR", a; ; € L*((0,T]; C>*(R™))N
C'((0,T]; C(R™)) and b; € L*((0,T]; C*>°(R")). We have the following assumptions on
a(t,z,€), b(t,z,€) and b;(t,x),j =0,n+1:

a(t,z,€) > Cow(x)*(€)3, Cy >0, )
05 00a(t, 2, €)] < CPHPal(B1)7 —(a)b(x) (€)1
05 080,a(t, 7, €)| < Al (B1)7 () B(a) 7 (€)2 17 (6.1.8)

10200b(t, x,€)| < ola+ﬁ|a!(5!)”tlrw(x)q>(x)—ﬁ|<§>;€—a|’

1
076;(t, 2)] < CPH(BY7 (@), j=0n+1,
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Chapter 6. Very Strong Blow-up

q € (1,%),]9 <qg-—1,p € [O,%),T € [0,1),3 <o < (q—p)/g—1)and (t,z,§) €
[0, 7] x R™ x R™. Note that C' > 0 is a generic constant.
We now state the main result of this chapter. Let e = (1,1).

Theorem 6.1.1. Consider the strictly hyperbolic Cauchy problem (6.1.6) satisfying the
conditions in (6.1.8). Let the initial data f; belong to H;;@_j)e’/\l’g and the right hand
side f € C([0,T]; H;’VZ;Q’U), Aj >0,j =1,2. Then, there exist a continuous function A(t)
and positive constants Ay and 0%, such that there is a unique solution

uec([o, HEteA )ﬂcl(OT >)

for A(t) < A* = min{Ag, A1, As}. More specifically, the solution satisfies an a priori
estimate

ZHGJU H‘Pks-{—(l—j)eA()

<C<Z||fj||¢’ks+(2 —7)e,A(0 / | f(r, ||<I>ksA )

where 0 <t <T < (8*A* /MY, C=Cy >0 and A(t) = 2 (T —°") for a sufficiently
large \.

(6.1.9)

Remark 6.1.1. Observe that we have 3 < o < (¢ —p)/(q— 1) where as in [15, Theorem
2], itis1 < o < (¢q—p)/(qg—1). The increase in the lower bound for o is due to
the application of sharp Garding inequality in our context that dictates o > 3. This is

discussed in Section 6.4.3. Due to this increment in o, we have q € (1, %)

6.2 Subdivision of the Phase Space

We subdivide the extended phase space J = [0,7] x R™ x R™, where T" > 0, into two
regions using the Planck function h(x,&) = (®(z)(¢)x)~" of the metric ggy in (2.1.2).
We use these regions in the proof of Theorem 6.1.1 (see Section 6.4.1) to handle the low
regularity in t. To this end we define the time splitting point t,¢, for a fixed (z,¢), as
the solution to the equation

t7P = Nh(z,§),
where N is the positive constant chosen appropriately later. Since 3 < o < &£ we
q
consider § € (0, 1) such that
1 —146
24— *¢ (6.2.1)
o q—p
Implying
1 1-6-
yi=1--=-_2"P (6.2.2)
9 q—p



6.3. Parameter Dependent Global Symbol Classes

Using t, ¢ and (6.2.2) we define the interior region

th(N):{(t,CL’,g)EJOStStz,g, |ZE|—|—|§|>N} (623)
= {(t,z,&) € J: "7 < NVh(x, &), |a] + [¢] > N} -
and the exterior region
Zewt(N) =A(t,x,6) € J:it,e <t <T, ||+ || >N
(N = (b2, ) € J it o] + 6] > N} 620

= {(t,2,&) € J: ' > N7h(x,£)", || + [¢] > N}

We use these regions to define the parameter dependent global symbol classes in Section
6.3.

6.3 Parameter Dependent Global Symbol Classes

We now define certain parameter dependent global symbols that are associated with the
study of the Cauchy problem (6.1.6). Let m = (my, ms) € R% Consider the metrics go ,
gé{)ﬂ and gfﬁL asin (2.1.2) (6.1.4) and (6.1.5). These metrics can be related to the metrics
of the form (2.1.3) where (p, p) are ((1,0), (1,0)), (1 = p/(¢ —p),p/(¢—p)), (1 —p/(q¢ -
p),p/(q—p))) and ((1 = 1/0,1/0),(1 = 1/0,1/0)).

Definition 6.3.1. G™™2 (w,gg’ﬁc) is the space of all functions a € C™(R*") satisfying

08 D, €)| < Cagl€)p P2l () () =P 221 (6.3.1)
Since gp < ggfk < LE]((;’%, we have

G (@, gak) © G (w, ) © G (W, G-
Let u>1and v > 1.

Definition 6.3.2. AG}'L™? (mgé,’i) is the space of all functions a € C°°(R?") satisfying
(6.3.1) with Cop = ClFBI()H(B1) for some C > 0.
Definition 6.3.3. AG™™2 (w,gg,’fz) is the space of all functions a € C°°(R*") satisfying
(6.5.1) when h(x,&) < Cyla|™7 with Cuz = Céalﬂm(a!)(ﬁ!)” for some positive constants
Cl, CQ >0

We denote the set of operators with symbols in G™"™2(w, gg’i) and AGT"™2 (w, gg’i)

by OPG™"™2(w, gg’i) and OPAGT ™2 (w, gg’i), respectively. As far as the calculi of these
pseudodifferential operators are concerned we refer to Sections A.2 and A.3 of Appendix

A.

In our analysis, we require the following conjugation result.

Proposition 6.3.1. Let e*09@D:) be qs in (6.1.3) and a(z,€) € Ang;m(w,gE;)k).
Then, there exists Ag > 0 such that for A(t) > 0 with A(t) < Ao,

3
AW D) (3 D )e AOO@D) — (2 D) + Z T/(\j) (t,z,D,)
j=1
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where the symbols ofrj (t,z, Dy) for j =1,2,3 are in C([0,T]; AG; 3 (w™®~ V,Qéi))
C([0,T); AGE=(w, Go)), and C((0, T]; AG;F~(w, §i1)), respectively.

Proof. Noting the fact that g(p e < §<(1> the proof follows in similar lines to Theorem
5.3.1 in the previous chapter. O

Observe that the derivatives of \/a(t, z, §), characteristic roots of operator P in (6.1.6)
show stronger singular behavior compared to a(t,z,£) due to the singularity. Thus, to
handle the singular behavior of the characteristics, we have the following symbol classes.

Definition 6.3.4. AG™ m2{l'51 ) ( ,gg’i) forl € R and 6, € [0,1)is the space of all
functions a € C*((0,T]; G™ ™2 (w, ggi)) satisfying

o1l
0¢ Da(t,x,€)] < ClePlai(pry7(gymrettelfly, (gyme g (z) = IBlole G) . (63.2)

for all (t,z,§) € Zine(N) and for some C' > 0 where a, 5 € Nj.

Definition 6.3.5. AG?l’mZ{ll,lz,lg;(sl,(SQ}gv (w gq) k) fOT' ll l3 S R lz € {O 1} and 51
[0,1),0, € (1,3/2) is the space of all functions a € C*((0,T]; G™+-™2 (w,g¢7k)) satisfying

\8“D5 (t T £)| < C\a|+\ﬁ\a|(ﬂ;) <€>m1 p1lal+p218]| (:L')mQ

1)51(11+l2(a|+|5))+5213 (6.3.3)

O ()~ PIBlFR2lel [ =
(@ t

for all (t,z,£) € Zewt(N) and for some Cop > 0 where o, f € Nj.

Given a t-dependent global symbol a(t,x,§), we can associate a pseudodifferential
operator Op(a) = a(t, x, D,) to a(t,x,&) by the following oscillatory integral

a(t,z, Dy)u(t,z) = // eI a(t, x, E)ult, y)dydg

R2n

— (2m) " / ¢ a(t, v, £)il(t, €) de.

R

where d¢ = (2m)"d¢ and 4 is the Fourier transform of w in the space variable. The
calculus for the operators with symbols of form a(t,z,§) = ai(t, x, &) + as(t, x, &) such
that

ar € AGT ™ {181} ) (. 957,

as € Angl’nw{ll, la, 13; 601, 62}5\2 (wa gg’ﬁc)’

for N1 > N, can be readily built by following the similar standard arguments given in
Sections A.2 and A.3 of Appendix A.
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6.4 Global Well-Posedness

In this section, we give a proof of the main result, Theorem 6.1.1. There are three key
steps in the proof. First, we factorize the operator P(t,x,d;, D,). To this end, we begin
with modifying the coefficients of the principal part by performing an excision so that
the resulting coefficients are regular at ¢t = 0. Second, we reduce the original Cauchy
problem to a Cauchy problem for a first order system (with respect to 0;). Lastly, using
sharp Gardings inequality we arrive at L? well-posedness of a related auxiliary Cauchy
problem, which gives well-posedness of the original problem in the Sobolev spaces H, ;’;’J.

6.4.1 Factorization

Consider the operator a(t,z, D,) defined in (6.1.6). We modify its symbol a(t, z,£) in
Zint(2), by defining

a(t,z, €) = p(t2(x){Eh)w (@) (€)k + (1 — (t@()(E)x))alt, 7, ) (6.4.1)

for p € C*(R),0< p <1,p=1in[0,1],¢ = 0in [2,400). Note that (a —a) €
AG**{1; ptinta(w, go ) and (a—a) ~ 0 in Z.,(2). This implies that tP(a—a) for ¢ € [0,T]
is a bounded and continuous family in AG%?(w, gg ). Observe that a —a is L' integrable
in t, i.e.,

(2/0(@)(E)0) @) |

| la=atz. ol < wwtarie | (642
< (@(@(@I{:)?—(l—p)/(q—p)'

as w(z) < ¢(z).
Let 7(t ,:c,§ Val(t, z, Denote the indicator functions for the regions Z;,;(Ny)
and Zez(No X1(N1) and XQ(NQ) respectively. It is easy to note that

i) 7(t,z,€) is G-elliptic symbol of order (1,1) i.e. there is C' > 0 such that for all
(t,x,&) € [0,T] x R™ x R™ we have

|7t 2, 6)| = Cw(x){E)r-

ii) 7 € AGé’l{O;O}gl)(w,gq),k) + AGLY{1/2,1,0;p, 0}&2)(w,g¢,k). More precisely, for

] + 18] > 0,
17(t,2,&)| < Cow(x){(E)r (x1(1) + Xz(l)t_p/2> ; (6.4.3)
08 DI (1 2,)| < Copw(@)®() (€)™ (xa(1) + xa (1) PIH0) [

iii) ;7 is such that for |a| + || > 0 we have

|6t7'(t,1‘,§)‘ ~ 0 in Zint(l)g
107 (8, 2, €)] < Co w(@)(E)k (x1(2)w(@)(E)xt P + x2(1)E79)
108 DEOyr(t,2,€)| < Copw(@)®(a) 11(E), 1 (1 (2w(@) (€) + xa(1)t7) ¢l
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By the definition of the time splitting point and the subdivision of the phase space,
we see that

10,7 (t,2,€)| ~ 0 in Ziy(1),
08 D207 (t,2,€)| < Capx1(2)w(x)®(a) 1P (e), 1 *eagrllal+1D,
for |a| + || > 0. Hence, 8,7 ~ 0 in Zi(1) and 9,7 € AGL0,1,1;p, q}§2)(w,gq>,k).

From the above properties of 7 and by the definition of @ in (6.4.1), we have the
following two lemmas.

Lemma 6.4.1. Let gg)k) be as in (6.1.4) and § as in (6.2.2). Then,

Z) e L® ([O’T];AG£+5’/2,1(W®6//2’ ~<(1>1,)k))7
i) 1757 € € ([0.7): AGY (w.3))),
iii) 7' € C([0,T); AG; % (w, Gg 1))

iv) 100, € C([0,T); AGE ™7 (wd'7, 511)).

)

Proof. The first claim follows from (6.4.3) and the observation that in Z..(1)

(;)p . (%)p/(q—p)’ (6.44)

while the second and third claims are straight forward consequences of (6.4.3) and (6.4.4).
The fourth claim follows from (6.4.4) and the following estimate in Z.,(1)

11 1 (@(x)<§>k)1/“_

ta 18 fa-nje = {1 N

Lemma 6.4.2. Let 6 be as in (6.2.2). Then,
i) 170alt, 2, Dy) = alt, v, D)) € C ([0, T OPAGE ™17 (w, gy.) ),

ii) alt, @, Dy) = 7(t, @, D, € L([0,T); OPAGE (w, 35 ).

iii) t'b(t, x, D,) € C([O, T} OPAGi’l(w,gm))

Proof. The proof is a consequence of the fact that in Z;,,(2)

1020 (a — a)(t, 2,€)] < Coprxa(Qw(x)?P(a) 7€)1 L

tp
< Capnr (o) o) UL @ () 6)0)
< Cappa(2(@) M7y P
< Caﬁxl(2>w(x)1+1/oq)(x)|/3|<£>]1€+1/UC'f|tli_§'
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6.4. Global Well-Posedness

The second and third claims follow directly from the definitions of a(¢, z, D,.) and b(t, z, D).
0

Let us define 6* > 0 as
0" =min{d,1 —r, 1 —p}. (6.4.5)

We are interested in the factorization of the operator P(t,x,d;, D,). This leads to
P =0, —ir(t,x,D,)) (0 +it(t,x, D)) + bo(t, )0 + (a — a + a1)(t,x, D)
where the operator a,(t,z, D,) is such that, for ¢ € [0, 7],

a; = —i[0y, 7] +a—72+b and t'7 a,(t,x,D,) € OPAGi*l/”’l(w<D1/U,§é{),C).

6.4.2 Reduction to First Order Pseudodifferential System

We will now reduce the operator P to an equivalent first order 2 x 2 pseudodifferential
system. The procedure is similar to the one used in Chapter 3. To achieve this, we
introduce the change of variables U = U(t, x) = (u1(t, ), us(t, x))T, where

{ul(t,a:) = (O +i7(t, 2, Dy))ult, o), (6.4.6)

us(t, ) = w(z)(De)pult,z) — H(t, x, Dy)uy,

and the operator H with the symbol o(H)(t, z, &) is such that

o(H)(t,7,6) = — sle){E)x (1- Spgti(:éf”‘/ )

Note that by the definition of H, supp o(H) Nsupp o(a — a) = () and we have

0(2iH(t,x, D) o1(t,x,D;)) ~ 0, in Ziu(3),
o(2iH(t,z, D) o1(t,x, D)) = w(x){(E)p(1 + 0(Ky)), in Zey(3),
where o(Ky) € AG;2H0: Y (w, gor) + AG;E12,1,0;p, ¢} (w, gox). Then, the
equation Pu = f is equivalent to the first order 2 x 2 system :
LU=(0,—D+ Ay + A)U = F,

. T (6.4.7)
U(OVT) = (f2 —I—ZT(O,w,DI)f1,®<$)<Dx>f1) )

where

F= (f(tv m)? _H(tv Z, Da:)f(t7 $))T7
D = diag(it(t, x, D,), —it(t, z, D,)),

A — B()H BO o Rl BO
"~ \—-HByH HB,) \-R; Ry)’
A _ (BiH + B B, + B,
V= \By,— HB; i[M,7]M~' — H(By + By) ]
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Chapter 6. Very Strong Blow-up

The operators M, M, By, B, and B, are as follows

M = w(@)(Da)r, M= (Dy); w(x)™,
By = (a(t,x, D,) — a(t,x, Dy)) (D) 'w(z) ™,
By = (=i0y7(t,x, D) + a(t,z, D) — 7(t,x, D,)* + b(t, z, D) ){D,); 'w(x) ™!,
By = 2iH7 — M +i[M,7]M~H + i[r, H| — HB,H + 8,H
By = by(1 —iAM ' H), By = ibgAM .
Here by = by(t,x) is as in (6.1.6). By the definition of operator H, we have ByH =

Ri,HBy = Ry, HByH = R3 for R; € G™*"®(w,gox),J = 1,2,3, and the operator
2iHT — M is such that

w(z)(

) f)ka in Zint(3)a
(@)(E)k

U(QiHT—M):{_ .
w o(K1), in Zey(3).

Since 2p < ¢, we have
AGY{2,1,0:p, g} (w, o) © AGE{0,1,1:p, ¢} (@, go.s).

The symbols of operators D, Ay and A; are in the following symbol classes

\

o(D) € AGLY0; 01 (w, gor) + AGLY{1,1,0: p, 0} (w, gor)

o(Ag) € AGEH{1;p} P (w, gor) + AG;>7{0,0,0; 0,01 (w, go.r),

(A1) € AGY0; 03" (W, gak) + AGY {171 (w, go 1)
+AGS{0,1, 1, ¢} (w, gor)

(6.4.8)

o

and thus, by Lemmas 6.4.1 - 6.4.2 and the choice of §* as in (6.4.5),

0 (Ag(t)) € C ([O,T];AG;/U’l/"(w,ggk)) ,
* 6.4.9
2 (A1) € C ([0.T); AGH™ 7 (w, 5 ) (6.49)

As go i) < §((1,1)k) < gfﬁiﬁ), from (6.4.9) we have
1 g (Aa(t), 17 (Ax(8) € € (10T AGY™/7(,52)) (6.4.10)

Let us choose A > 0 as large as possible so that

o (Aol + o (A D)] < o (@)D (6.411)

6.4.3 Energy Estimate

In this section, we prove the estimate (6.1.9). Note that it is sufficient to consider the
case s = (0,0) as the operator ®(z)%2(D)** L{(D)~*1®(x) %2, where s = (s1,52) is the
index of the weighted Sobolev space, satisfies the same hypotheses as L.
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6.4. Global Well-Posedness

In the following, we establish some lower bounds for the operator D — Ay — A;. The
symbol d(t, z, ) of the operator D(t) + D*(t) is such that

d € AGY*{0; 035" (w, ga ) + AGY{1/2,1,0:p,¢}? (w, g )-
It follows from the definition of §* and Lemma 6.4.1 that
t17"d € O([0, T]; AG(w, G5 ))-

Thus C
2Re(DUU) 2 > — (U, U) 2, C1>0. (6.4.12)

To control lower order terms, we make the following change of variable
V(t,z) = rOP@DIT (¢ ), (6.4.13)

where A(t) = £(T° —t°") with X as in (6.4.11), and the operator ©(z, D,) is as in (6.1.3).
From Corollary 3.4,

e:tA(t)@(m,Dl)eIA(t)Q(x,Dz) =]+ R(i)<t7$, Dx);
where for sufficiently large k the operators I + R®)(t,z, D,) are invertible. Let us de-
note the operators I + RH)(t,z,D,), I + R)(t,x,D,) and e*AOO@DL:) by R (¢, x, D,),
R(t,z,D,) and E®)(t,x, D,), respectively. Then, from (6.4.13),
Ult,z) = RO (t,x, D,)e 2 WO@DIV (¢ ) and ||U(t e ksaw.e = |V ()| L2

Then Pu = f is equivalent to LV = F} where
A
L1 :at—D+ B+751_—5@($7fo)
Fi(t,z) = RVEMRF(t, ) and the operator B (t,z, D,) is given by
B=R1EW (R (aﬂéfl) + 7€A7~T1> EC) - (R*E(ﬂﬁpﬁ*lE(*) - D)

Observe that from Proposition 6.3.1 and from the Cauchy data given in conditions of
Theorem 6.1.1, we need A(t) < A* = min{Ag, A1, Ay}. This implies T' < (5*/\*)1/(S

le
Then, we have %" B € C ([O, T|;OPAGs {w,gﬁﬂ}) . Choosing A sufficiently large, we

obtain
A
Re < (tl —5-0(x, D) + B) V,V>L2 > —Cs||V |2, Co>0. (6.4.14)

The above estimate is the result of application of sharp Garding inequality, see [43, The-
orem 18.6.14] for the metric gfﬁi with the Planck function (®(x)(£))7 . It is important
to note that the application of sharp Garding inequality requires o > 3.
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Chapter 6. Very Strong Blow-up

The estimate (6.1.9) on the solution u can be established by proving that the function
V (t,x) satisfies the a priori estimate

t
Vlz. <C <HV(0)H%2 +/ 13 (7, )l 2 dT) , t€[0,T],C>0. (6.4.15)
0
The Cauchy problem for the operator L, is given by

oV (t,x) = (D - tl%@(:p, D,) — B) V(t,x) + Fi(t,x),

(6.4.16)
V(0,z) = 2O0@Dr (0 1)
Observe that
oIV (1)]|52 =2Re(0,V, V)
=2deuvhp—2Rﬁ<(#%«¢uﬂpgg”f+3)wv>y

+ 2Re(F,, V).
From (6.4.12) and (6.4.14) we have

d C
%HV@)H% S o

V(Ollzz + ClIELE )

Considering the above inequality as a differential inequality, we apply Gronwall’s lemma
and obtain that

HWM@SON*@WW@+AHHEN§W>

This proves well-posedness of the Cauchy problem (6.4.16). Note that the solution U to
(6.4.7) belongs to C ([0, TY; H;,’f,;(t)’”) Returning to our original solution u = u(t, ) we
obtain the estimate (6.1.9) with

we O([0,T); Hyt oMy n ([0, T); HyY 7).

This concludes the proof. n

6.5 Anisotropic Cone Condition

Existence and uniqueness follow from the a priori estimate established in the previous
section. It now remains to prove the existence of cone of dependence. Cone condition in
the case of very strong blow-up follows in similar lines to the one in Section 3.5.

Let us define a constant ¢* such that the quantity ¢*w(z)t~% dominates the charac-
teristic roots, i.e.,

= sup{ alt,z, w(x) ™15 : (t,2,€) € [0,T] x R x RE, €] = 1}, (6.5.1)

110



6.5. Anisotropic Cone Condition

where a(t,z,§) is as in (6.1.7).
In the following we prove the cone condition for the Cauchy problem (6.1.6). Let
K (2°,t%) denote the cone with the vertex (z,¢%):

K% 1% = {(t,z) € [0,T] x R" : |z — 2°] < cFw(z)(t* — )75},
Observe that the slope of the cone is anisotropic, that is, it varies with both x and t.
Proposition 6.5.1. The Cauchy problem (6.1.6) has a cone dependence, that is, if

=0, 0,i=1,2, (6.5.2)

f | K (29,10) fi | K(20,t0)n{t=0}

then
=0. (6.5.3)

U‘K(J:O,to)

Proof. Consider t° > 0, C* > 0 and assume that (6.5.2) holds. We define a set of
operators P.(t,z,0;, D,),0 < e < g by means of the operator P(t,x,0;, D,) in (6.1.6) as
follows

P.(t,z,0,,D,) = P(t+¢,2,0;,D,), t € [0, T — &),z € R",

and g9 < T — tY, for a fixed and sufficiently small 5. For these operators we consider
Cauchy problems

P, = f, te[0,T —¢gg, x € R",
OF1.(0,2) = fu(z), k=12

Note that v.(t,z) = 0 in K(2°,t°) and v. satisfies an a priori estimate (6.1.9) for all
t € (0,7 — gp|. Further, we have

Pfl(vfl_,052):<P82_P81)U52a te [OaT_EO]a ;EGR”,
85710}61 —U52>(0,I) :Oa k= 172
Since our operator is of second order, for the sake of simplicity we denote b;(t,z), the
coefficients of lower order terms, as ag;(¢,x),1 < j < n, while by(¢,x) and b,+1 (¢, z) are

denoted as a1 o(t, z) and ago(t, ), respectively. Let a;(t,z) = 0, 2 < i < n. Substituting
s — e for s in the a priori estimate, we obtain

1
D N0 (v = ve) (bl kss—sen).o
=0
t
< C/ H(P52 - P€1>v€2 (T> ')H@,k;s—e,[\(q—),g dr (654)
0
t n
= C/ D @i (7 +e1,2) = ai (7 + €2, ) Dijoey (7, ) | bss—e a0 AT,
0 ;=0
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Chapter 6. Very Strong Blow-up

where Dog = I, Dig = 0y, Dig = 0,1 > 2, Do; = 0,7 # 0 and Dy; = 0,,04;,4,5 # 0.
Using the Taylor series approximation in 7 variable, we have
T+e1
|ai,j(7—+€17 ) a’lj<7—+€2, ’ = ‘/ 3)5&” T, l’)d?“‘
T+e2

< w(r)?

/T+£1 d?”
T+e2 rd

< W(I)zlE(T, €1, 82)|7

where

1
E(1,e1,62) = -1 ((T+e) ™ = (7 +2)77M).

Note that w(z) < ®(z) and E(1,e,e) = 0. Then right-hand side of the inequality in
(6.5.4) is dominated by

t
c / B, 21, 20)[06a (7, ) [ ks et (rrr 7,
0

where C' is independent of €. By definition, E is L;-integrable in 7.
The sequence v,,, k = 1,2,... corresponding to the sequence ¢, — 0 is in the space

C([O,T*];H’ )ﬂc“(o T, o0 ) T >0,
and u = klg& ve, in the above space and hence, in D'(K (z°,¢")). In particular,
(u, @) = lim (vs,, ) =0, Voo € D(K (2", "))
gives (6.5.3) and completes the theorem. O

6.6 Discussion

In this chapter we have shown that, in general, the solution to a Cauchy problem with
coefficients showcasing very strong blow-up in ¢ experience infinite loss of regulaty index
in relation to the Cauchy data defined in a Sobolev space. In the following we discuss
related issues.

How optimal is the L' integrability condition on the lower order terms? The violation
of the condition may lead to nonuniqueness as demonstrated in Example 1.3.4. When
we have no singularity on top order terms and O(¢t~!) singularity on the lower terms, we
may encounter finite loss as seen Example 1.3.1 or even no loss as seen in Example 1.3.2.
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Chapter 7

Discussion

“Bah! Do you know”, the Devil confided, “not even the best mathematicians on
other planets - all far ahead of yours - have solved it? Why, there is a chap on
Saturn - he looks something like a mushroom on stilts - who solves partial
differential equations mentally; and even he’s given up.”

— Arthur Porges, The Devil and Simon Flagg

In this chapter we give an overview of the main contributions of the this thesis, and
identify some interesting questions for future work.

7.1 Looking Back

Let us begin by summarizing the contributions and results of this thesis.

e In Chapter 1, we have come up with a scale for the blow-up. This scale is inspired
from the the classification of oscillations provided by Reissig [69, 50].

o In Chapter 2, we have outlined the methodology that we employ in our work. An
important feature of our methods (conjugation and subdivision of the extended
phase space) is their explicit dependence on the geometry of the phase space. The
methods rely the Planck function associated to the metric. This, from our limited
knowledge, is new in the literature.

e In chapters 3 - 6, we have addressed well-posedness and regularity results for varied
singular behavior in time and plolynomial growth in space.

e In Theorems 4.4.1 and 5.3.1, we establish that the conjugation changes the metric
governing the symbols arising after conjugation

e In Sections 1.3, 3.6 and 4.7, we have come up with some interesting examples of
singular hyperbolic Cauchy problems displaying zero, finite and infinite loss, in fact,
we also give an example for nonuniqueness.
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7.2 Looking Ahead

Let us now summarise some interesting open issues which are related to the work pre-
sented in this thesis:

e In Section 5.1.1, we have defined the spaces Mg,k(R”), o > 3. It would be inter-
esting to carry out a topological study these function space.

o We have studied linear strictly hyperbolic equations in this thesis. One can also
pose the problem for nonlinear equation and study interaction between the singular
behavior in time and the nonlinearity in the global setting.

e In Chapter 1 we have outlined various approaches available in the literature to
characterize non-Lipschitzness. In this thesis, we have focused on the singular
behavior. It would be interesting to study singular hyperbolic Cauchy problems
whose coefficients are also log-Lipschitz or Holder continuous. For example, see the
recent work of Del Santo and Prizzi [27].
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Appendix A

Pseudodifferential Operator Calculus

“But the whole wondrous complications of interference, waves, and all, result from
the little fact that £p — pZ is not quite zero.”

— Richard Feynman

In this appendix we give pseudodiffential operator calculi for the symbol classes arising
in the thesis.

A.1 Calculus for the Symbol Classes in Chapter 3
We give a calculus for the parameter dependent global symbol classes defined in Sec-

tion 3.3. The following two propositions give their relations to the symbol classes
Gmm2 (), gg’;). Let N; and N, be positive real numbers such that N; > Ns.

Proposition A.1.1. Let a = a(t, z,§) be a symbol with

a € G0, 07, 0Fint, v, (@, g ) + G {1 o, U 13 75 Y eat, o (@, Gap)-
Then, for my = max{m/, mi}, me = max{mj, ma} and for any ¢ > 0,
tha € C ([0, G w, ggh) )
Proof. The hypothesis of the proposition implies that

}Df@g‘a(t, z, 5)’ < C«aﬁ<§>;n'1—|a|w(x)m’2@(x)—lﬁl + C'aﬂ<§>Z”_‘a|w(x)m2@($)_m|

_ (A.1.1)
x ¢~ (Lol tIB)) g pylatlalal+5),
From the definition of the regions, one can observe that for any € > 0
o(t)sHalal+B) < (@ (r :,
(D < (@) €)e) s
0 < (@(a)(€)).



Appendix A. Pseudodifferential Operator Calculus

Hence,
a mi1+e—|al+d " e—(1—
172 | DYOga(t, @, €)] < Co €)@y 2 B ()= M,

Remark A.1.1. Consider e, > 0 such that e <&’ <1—246. Let

a € G0,0;%, 0}int,n (w, go k) + G{1,0,13,14; 7, 0 Yeat.n (W, G k),
be G070{O7 07 ’~)/7 O}int,N(w7 g@,k) + G070{07 17 l37 l47 ’77 §}e:ct,N<w7 g‘b,k)'

Then, from (A.1.2), we have
aeC ([()’ TJ; Ge’,1(q)€/’g((;}f),(ké,o))) ’
beC ([O,T]; G&l(q)e?g((;ﬁ),(l—d,()))) '

Let us consider an indicator function I, : [0, 00) — {0, 1} defined as

- {0, if r =0
1, otherwise
and denote 1 — I, as If.
Proposition A.1.2. Let a = a(t,z,£) be a symbol with
a € G {11,137, 6 bintv (w, gok) + G™2{0,0,0,0; 9, 0} et (w, g,

and let ~
lod  ifly >0

Z: € zfl~2§0andl~1>0
Zfil SO andl~2 SO

Then we have tla € C ([0, T]; G™™2(w, gg ) formy = max{m{,mi}, ms = max{mbh, ms}
and for any € > 0.

Proof. The proposition follows by observing the following estimate
|DEogalt, 2,€)] < Cap(€)p ™ w(a)™s @ (x) 1910 (t) o 200 e
+ Cag{€) ()20 () .
O

Remark A.1.2. Suppose a € G™{1,1;7, 6} i, + G%°{0,0,0,0;%,0}exr.n, (W, g k)
Then for any € > 0 satisfying ¢ < 1 —§, we have t'~¢a € C ([0, T); G*(w, gox)) -

Remark A.1.3. Suppose a € G*{0,0;7,0}inr6(w, go k) +G%{1,0,1, 157, 0 exr.1 (W, go )+
G%%{0,1,2,1;9, 0 bewr3(w, gox) ((asin (3.4.7)). Let 0 <e <& <1—0. In Ziy(6),

6

S(alee < (e < (2w ()
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A.1. Calculus for the Symbol Classes in Chapter 3

Note that t'—¢ (— (t )1+|"‘|+|ﬁ‘> < & < (@(x)(f)k)e/ in Zeyt(1) while in Ze.(3), we have
tl"f( 1)+ |"‘|+|5‘)> (®(x )(§>k/3)€,. Hence, by Proposition A.1.1, t'=¢a €
e, <[ il Ve E( (1 ,(1— 60))>

For > 0 and r > 2, we set

Qrp={(x,6) € R : ®(x)" <7, (&) <}, = R\ Qrp-

Proposition A.1.3. (Asymptotic expansion) Let {a;},7 > 0 be a sequence of symbols
with S i .
a; € G™ I 195, 61 binev, (W2 Q7 go k)
+ Gy 4 005, b, 13 + 2047, Las 7, 62 Yewtno (WP, ga 1)

Then, there is a symbol
a € G™ ™ {1,157, 61 bintvy (W, gok) + G2 {1, 1, I3, 1as 3, 62 b et vy (w0, G )
such that

alt,z,&) ~ Y a;(t,z,§)

™~

Il
=)

J

that is for all jo > 1, a(t,x,§) — 2]0 o a;(t,x,&) is in
G™ M 137, 01 Y ine o, (W2 DT o)
+ Gml_(1_52)j0+871{l1a l2a l37 l47 ;}(/7 52}6:615,]\72 (wm2¢_(1_62)j0+87 g@,k);
where € K 1 — ;. The symbol is uniquely determined modulo C ((0,T]; S(R*")).

Proof. Let us fix e < 1 — 09 and set p =1 — d9 — . Consider a C* cut-off function, y
defined by

1 (2,6) € Qu,
R

and 0 < x < 1. For a sequence of positive numbers €; — 0, we define

70(1‘76) = 17
vi(x, &) =1 —x(gjz,858), Jj=>1.

We note that v;(x, &) = 0 in Qo for j > 1. We choose ¢; such that
€ S Q_j

and set

a(t,x, &) = Z’y]xfa]tazf)
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We note that a(t,z,§) exists (i.e. the series converges point-wise), since for any fixed
point (¢, z, &) only a finite number of summands contribute to a(t, z, £). Indeed, for fixed
(t,x,&) we can always find a jy such that ®(z)* < é, &)y < % and hence

0 0

a(t,z,&) = vi(w,&)a;(t, z,&).
Observe that

Do Oyt asttanl < X (o) (5 )10 DIt D29 0,0,
o +a’=a

B'+8"=8
§| ’yj(xv g)Dgaga](t7 z, f)

Xj(x7§> ﬁ” '’
+ Z CO//B/ (I)(ZL‘)MB/‘ <£>N|O/| 8 (t7 L, 5) ‘7

o'+ =a,|a’|>0
B'+B"=8,8'1>0

where ;(7,§) is a smooth cut-off function supported in Q5 , N Qu . This new cut-off
function describes the support of the derivatives of v;(z,€). In the last estimate, we also
used that % ~ (&)} and % ~ ®(x)* if x;(z,€) # 0. We conclude that

|D2OR;(w,€)a;(t, 2, 6))|
< 21 e ()™ @ ()G (1) (1) )/ V1)
+ <£>Zn1+u—j—\a|w($)m2q>( )u G— \ﬁl(l/t)ll+62 (l2+|Bl+75) é( )l3+l4 |ae|+18]+27)

X (1= x(t@(x){E)r/N2))
1

< o [ T(ay  y)  (1/8) (1 () € V)
+ <€>;€n1+51j+ﬂ—(1—52)j_|0¢|w(m)mz(I)( ) (1-62)7—|Bl+el; (1/t)11+52(lz+\5|)

x () (1 — x (4 (2) (E)n/N2)) |,

where we have estimated @(z) > land ’“ > 1 (due to the support of cut-off functions)
once in each summand and noted that 1n Zext(Ng) for every ¢ < 1,

0(t)* < (®(2)(€)r/No)™,
(1/1)%7 < (D (x)(€)r/N2)™
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Using this relation, we obtain

|D7ogalt, =€)l
Jo—1
< | DO (o(x, §)ao(t, =, )| + Z | DEOE (v, (, €)ay(t, ,6))]

<Cas (O )™ @ () G() 1 (1) (1 () (€)1 /)
+ <£>?1—\a|w<x>m2¢($) \5|(1/t)11+52 la+|B) é( >l3+l4(\a|+\6|)
X (1 = x(t@(2)(§)x/N2))

(@Rt ooy (s ) (1)
X X(ER(2)(€)e/Na) + ()T () ()
X (1/t) ()l (1 — y (10(2)(€)/N2) |

<Cag (7 ea(@)™ @ (@) P00 1 (1) (1D () (€ / V1)
+ <§>m1 || ( >m2q)(x) \5|(1/t)l1+52 la+|8]) é( )13+l4(\a|+\,8|)
X (1= X(19(x) (€)/N2)) |.

where the last inequality holds by the choice p. Thus, we have
a € G™ {1y, 157, 61 Fine, vy (W, Gok) + G™ ™2 {11, 1, I3, 1as 5, 02 bewt, vy (w0, G-

Arguing as above, we have

Z via; € G 1y A, 1 bty (W@ g 1)
Jj=Jo
+ G (m02)iote L7 1o a1 A, By ety (WM BT T0I0TE g Y,
1 .
and thus, a(t,z,§) — Z;O o @;(t,z, &) is in
Gml*j”’l{l], Ia; 7, 61 bint.ny (W™ DT g 1)
+ Gm1—(1—52)jo+6,1{l17 l27 l37 l47 :)/7 52}61775,]\72 (wm2q)_(1_62)j0+87 gq?‘,k)'

Lastly, we use Proposition A.1.1 and A.1.2 to conclude that
tlaj cC <[ ] Gml (1=02)j+¢l;, 1( mgq)—(l—(sz)j—ﬁ-alj’g((bl’}f),(l—&o))>

for m* = max{m;,m;},i = 1,2, § = max{dy, 05} and | = max{l; + dly,1}. As j tends
to 400, the intersection of all those spaces belongs to the space C ((0,T]; S(R*")). This
completes the proof. n
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Appendix A. Pseudodifferential Operator Calculus

Lemma A.1.4. Let N; and NJ'.,j = 1,2 be positive real numbers such that Ny > Ny and
N{ > Ni. Suppose

a € G™ 211, 157, 61 Fine vy (@, Gop) + G™ ™2 {11, 1o, I, Las ¥, 62 ety (W, o) and

b€ GMVT] I3 7, 61 iy (w0, Gak) + GTV{T Uy, U, U 7, 02 Yewr vy (w0, Gark)-

Then, for Ny = max{Ny, N/} and Ny = min{N,, N}},

ab € G L 1l + 157, 01 i (W5 Gok)
+ Gm1+m/11m2+m,2{l1 + lll, l2 + lé, l3 + lll, l4 + lll, ’3/, 52}ext,N2 (w, gq>7k)
+ G2 1007, 01 i (@, o) N G2 {14, T, 1, 15 A, 02 }eat, Ny (W, g 1)
+ G T 7, 01 i vy (@, Go ) N G™ ™2 {1y, Do, s, Las 3, 0o Yot vy (w0, G-
Notice that the symbols corresponding to the third summand of the above expression
is non-zero only if NJ < t®(z)(&)r < N; ie., in Zy(Ny) N Zeyt(N). This requires

N} < Nj. Similarly, the fourth summand is nonvanishing in Z;,;(N]) N Ze.(N2) which
requires Ny < N{. A straightforward computation proves the above lemma.

Lemma A.1.5. Let A and B be pseudodifferential operators with the respective symbols
a = o(A) and b = o(B) as in Lemma A.1.4. Then, the pseudodifferential operator
C = Ao B has a symbol

c=0(C) e Gmtmmatma L T 4 -4, 01 }int 5, (W, 9o 1)
+ G (1 1y U Iy + U L+ 1 Oatewe i, (@) )
+ G2 {11, 13 7, 61 Yant (@, Go ) N G2 {1, 1, 15,1437, 02 Yeat, vy (W, Goo.k)
+ G 1A, 01 }ine, vt (w, gok) NG ™2 {1, Uy, 13,145 7, 62} eat, N (W, G 1)

for Ny = max{Ny, N|} and Ny = min{Ny, N}} and satisfies

1
e(t,n,€) ~ Y —0Falt,n, ) Db, 2,€). (A.14)
aeN?

The operator C' is uniquely determined modulo an operator with a symbol from C ((0,T]; S(R?™)).

Proof. In view of Propositions A.1.1- A.1.3 and Lemma A.1.4, it is clear that the operator
C' is a well-defined pseudodifferential operator. Relation (A.1.4) is a direct consequence
of the standard composition rules (see [58, Section 1.2]). O

Lemma A.1.6. Let A be a pseudodifferential operator with an invertible symbol
a=c(A) € G"{0,0;7, 0}ine,n (W, gor) + G*{0,0,0,0: 7, 0}t v, (W, Gaok)-
Then, there exists a parametriz A" with symbol
a* = o (A*) € G*{0,0:7, 0}ini. 0 (0, o) + G20{0,0,0, 059, O}, (0, G
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A.1. Calculus for the Symbol Classes in Chapter 3

Proof. We use the existence of the inverse of a and set

a# (ta xz, 5) = Cl(t, xz, 5)71 € GO,O{Oa O; ;ya O}int,Nl (wa g’b,k)
+ G%{0,0,0,0; %, 0}ear,n, (W, Go 1)-

In view of Propositions A.1.1 - A.1.2, one can define a sequence af(t, x, &) recursively by
Z éﬁg‘a(t,x,f)Dg‘an(t,Lf) = —a(t,x,g)af(t,x,f)
1<]al<y
with
al € G7{0,0;9, 0}ine, v, (277, gor) + G71{0,0,0,0; 9, 0} ety (P77, g ).
Proposition A.1.3 then yields the existence of a symbol

aﬁ € G070{07 07 ’3/7 O}int,Nl (Cd, gq),k) + GO,O{Oa Oa 07 07 5/7 O}Ext,Ng (w, g<I>,k)

and a right parametrix Aﬁ(t, x, &) with symbol o <A§) = aﬁ. We have

AAY, —T e C([0,T);G>(w, go)) -

The existence of a left parametrix follows in similar lines. One can also prove the existence
of a parametrix A# by showing that right and left parametrix coincide up to a regularizing
operator. ]

Now, we perform a conjugation of an operator A where its symbol «a is such that

a € G™ {1y, 157, 01 ity (w5 go k) + G {1 oy U, 1 7, 02 Yewr v, (@, g0 k) (ALL5)

by the operator exp{ E(t,z, D,)} where the operator F is such that

E(t,xz,&) = /Otﬁ(r,:r;,f)dr (A.1.6)

for ¢ as defined in (3.4.9) and (3.4.10). For the sake of generic presentation, one can
replace the factors p(t®(x)(£)x/3) and 1 — p(tP(x)(£)x) in (3.4.9) by p(2tP(x)(&)x/N7)
and 1 — @(t®(x)(€)r/NS5), respectively, for N| > Nj. The conjugation operation is given
by

Ag(t,z, Dy) = e PGP A(t 2. D, )ePtDs)

Notice that the operator exp{*+FE(t,z, D,)} is a pseudodifferential operator of arbitrarily
small order if 4 € (0, 1) and finite order if 4 = 1. When |a| + |5]| > 0, we have

0p0g =10 < Cae P90 ()P N In(1 + D) (€))) M (Zins (NY))
(A.1.7)
By successive composition of the operators while performing conjugation and using
Proposition A.1.3 and Lemma A.1.4, one can prove the following lemma.
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Appendix A. Pseudodifferential Operator Calculus

Lemma A.1.7. Let the operators A and E be as in (A.1.5) and (A.1.6). Then
Ag(t,z,D,) = A(t,z, D) + R(t,z, D,), (A.1.8)
where (In(1 + ®(x)(€)1)) T R(t, x, &) belongs to
G-t A, 51 Yo, (@™ gy )
+ G™ I b, 15, 1 A, 02} et ¥, (W™, gor),
for every € < 1 and Ny = max{Ny, N!} and Ny = min{N,, N}}.

Remark A.1.4. In Lemma A.1.7, one can ensure a compensation for the € increase in
the order of remainder symbol in the interior region by an appropriate choice of the order
of singularity in the interior region. For example, the conjugation of the operator D in
(5.4.6) yields

Dg(t,z,D,) = D(t,z,D,) + R(t,z, D,)

where the operator R(t,x, D,) is such that its symbol satisfies

(In(1 + @(2)(€)r)) TR(t, 2, &) € GZ0,0; 7, 0}inea(w® 7 9o 1)
+G%H0,0,1,1;7, 01 bear 1 (WP, gap),

for an arbitrary small € > 0. By the definition of region Z;,;(2), we have the estimate

((z) () <

AR

Hence, we have

t°(In(1 + ®(x)(€)r) TR(t, 2, &) € G*0,0;7, 0}int2 (WP ™, gox)
+ GDJ{O? 07 17 17 ;5/7 61}6It,1 (w(b_la g<I>,k)-

A.2 Calculus for the Symbol Classes in Chapter 4

In this section we develop a calculus for the operators with symbols in additive form

given in (4.3.5). The following two propositions give their relations to the symbol classes

Gg;?,;m? (my,my). Let Xﬁ),xﬁ) and Xﬁ) denote the indicator functions for the regions

Zint(N), Zmia(N) and Z.(N), respectively.
Proposition A.2.1. Let a = a(t, z,£) be a symbol with

a € G™2{0}(w, gos)y’ N G™2{0,0,0}H(w, g )y
N Gml’m{m&m47m57m6}<w794’7k)53)’
for mz =0 and m3 = my. Then, for any e € (0,1),

a€ L™ ([O7T]§ Gmi{’m;(@a%,k)) ) if ms < mgz and mg <0
t'"™facC ([07 Ty Gm’{,mé(q)’ gcb,k)) , otherwise

* ~ !/ -
where m} = max{m;, m,,m; + ms}, i = 1,2.
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A.2. Calculus for the Symbol Classes in Chapter 4

Proof. The definition of the regions and straightforward calculations yield
|D7ogalt,z.€) |
< Cas®() P (PO wla
BN mavogy )m5+m6<|a\+w|>>
£) (

Fxioraer (40)

t
< Cas®(@) ) 1 (W (O )™ + xR (@ ()
o(h)

m3
+X§3)<§> w<x>mz <:> emat(h g(h)msg(t)mrmﬁmﬁ(\alﬂﬂ\)>

< Cop ()" P te

)72 4+ XD w(z)™
ki

The last estimate follows from the fact that w(z) < ®(z) and
f(tyommalal ) < 41 e (0,1),
since the singularities in our consideration are of logarithmic type.
Similarly, we can prove the following two propositions.
Proposition A.2.2. Let a = a(t,x,§) be a symbol with
a € G™{0}(w, go ) VG iy, il i} (w, g )
NG™™240,0,0,0}(w, gor) ",
for mfy > 0. Then, for any € € (0,1),

a € L*([0,T;G™"™(®, gay)),  if mymy <0
'~ aeC ([O,T]; Gmims (@,gq,,k)) , otherwise

where m; = max{m;, m; +m4,m;}, i = 1,2.
Proposition A.2.3. Let a = a(t,x,§) be a symbol with
a € G s} (w, gos) ) N G™{0,0,0}(w, gos) Y
N G™2{0,0,0,0}(w, gox),
for ms > 0. Then, for any e € (0,1),

a € L*([0,T);G™"™(w, gog)), if sz =0
t~caeC ([O,T]; Gmims (w,gq,,k)) , otherwise

x ~ / -
where m;} = max{m;, m;,m;},i = 1,2.

Remark A.2.1. Since the function 0 is of logarthmic type, we have

Ofse) < O(ts)' < O(h(,€))" < (R(x)(€)r),

for any l > 0 and € < 1. Similar is the case for the functions 6 and 1.

123



Appendix A. Pseudodifferential Operator Calculus

For y > 0 and r > 2, we set

Qry={(z,§) €ER™ : &(z) <7, (i <71}, e =R\ Qe

Proposition A.2.4 (Asymptotic Expansion). Let {a;},j > 0 be a sequence of symbols
with

€ G g} (WP, gé,k)g\lf) N G™ Y mly, ml, + 2mLj, mL Hw™d | g(b,k)g\%)
N Gml’l{mg, Mg, M5 + 2mg], mG}(wm2¢_j> g@,k)%)‘
Then, there is a symbol
a € G™ ™ g} (w, ga, k)( N G2 {mly, ml), mi }(w, ga, k>(2)
N G™™2 (my, ma, ms, me (W, go ) 5

such that o
at,,§) ~ Y a;(t,x,€),
=0
that is for all jo > 1, a(t,z,§) — Zi“ 01 a;(t,x,&) belongs to
G g} (@™ B, )0 1 Gl (I, g )
NG™ 0 ms my, ms, meH (W™~ ]Oﬁ’g@v’f)gg)’

where £ < 1. The symbol is uniquely determined modulo C ((0,T]; G~>°).
Proof. Let us fix e < 1 and set p = 1 — . Consider a C* cut-off function, x defined by

1 (2,6) € Qu,
e ={ 5 (g o

and 0 < x < 1. For a sequence of positive numbers €; — 0, we define

70(3776) = 17
Vi@, 6) =1 —x(gr,68), j=1

We note that v;(x, &) = 0 in Qa,, for j > 1. We choose €; such that
€j S 2_j
and set

a(t,x, &) = ny]xéa]txf)

We note that a(t,z,€) exists (i.e. the series converges point-wise), since for any fixed
point (¢, x, &) only a finite number of summands contribute to a(t, z,£). Indeed, for fixed
(t,z,€) we can always find a jo such that ®(z) < -, (£)y < -~ and hence

Jo J0

Jjo—1

a(t,z,&) = ny]:cfajtxf)
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A.2. Calculus for the Symbol Classes in Chapter 4

Observe that

peg Oyt st X (o) (5 ) €D DL 0 0t
o'+’ =«

3+B"=5
§| Vj(x7 g)Daﬁcaga](ta z, g)
+ Z Ca’B’M aa (t,l’,é) ‘7

eyl
o' +ao =a,|a|>0 (I)({]j)m |<£>ka
B'+8"=5,8'1>0

where ;(7,§) is a smooth cut-off function supported in Q5 , N Qug - This new cut-off
function describes the support of the derivatives of v;(z, ). In the last estimate, we also

used that % ~ (£)) and % ~ ®(x) if x,(x, &) # 0. We conclude that

| D7Og; (2, €)ay(t, 2, €)]

1 o -
< 5 ©F T ey [x?& w(x)™(t)
" A2.1
+X§v)<€>m1 ( (t ) m4+m5 (ol +181+27) ( )
t
+X§V)<€>m1 ( (t) m41/; m5+m6(\a|+|m+2j) :

where we have estimated x) > land <€ k > 1 (due to the support of cut-off functions)

ue
once in each summand. In Z,md(N) and Zm( ), 0(t) < A(h). For any r > 0 and j > 1,
0(t)7 < 8(h)7 < (@(a)(€)n), (A.2.2)

as the singularity in our consideration is of logarithmic type. From (A.2.1) and (A.2.2),
we obtain

’Dgagfyj(xvf)aj(tvx7£)|
1 . . L.

< 5 (8 ey [X%’(é)?lw@)m@(ﬂ

+ XSO () ()™ (_ f(t)mitmsal+8))

Qi) <x>m2(

€m4w(t)é(t)m5+m6(|a|+|5|)
(A.2.3)

< 2% <£>]1€—j—|a\@(x)1—j—|m [ng (&)Me(z)™0(t)
o(t)
Tt

() (@)mg mav(0(¢ )m5+m6<|a|+|ﬁ|>],

+X§v)<£>m1w(as)m’2( ) f(t)mi+milal+aD

t
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Appendix A. Pseudodifferential Operator Calculus

where j > 1. Now
|D7oga(t, z,8)|

jo—1

<|DJOg (ol E)ao(t, z,&))| + Y |DIog (7;(x,€)a;(t,,€))| .

j=1
Combining the symbol estimate of ag and the estimate (A.2.3), we readily obtain
a € G {1y} (w, ga )y 0 G iyl mE} (w, o s) Y
N G™ ™ {mg, ma, ms, me}H(w, go k)

Arguing as above, we see that Z‘;‘; 0 Vi belongs to

Gﬁh*joyl{mg}(wmz (I)*joj gé,k)g\lf) N Gm'lfj0+6,1{mg’ mip mg}(wmé@*j0+€’ 9<1>,k)§3)

N Gm17j0+5’1{m37 my, Ms, mﬁ}(wm2®7j0+€7 9<I>,k)§\?)a
Jo—1
and thus, a(t,z,£) — > a;(t,z,§) belongs to
=0

G g @™ @0, g )y 0 G il il iy (WM g )
N GmM 0t g my, ms, mg Hw™ H 0t gq%k)g\?).
Lastly, we use Propositions A.2.1 - A.2.3 to conclude that
t'¢a; € C([0,T]); G™ M (W™ @™ 7, ga )

for m} = max{my, m} +mf, m; +ms}, m; = max{ms, m,, me} and r* = max{mj, ms}.
As j tends to 400, the intersection of all those spaces belongs to the space C ((0,T); G=°).
This completes the proof. n

Lemma A.2.5. Let A and B be pseudodifferential operators with symbols
a=0o(4) € G™ ™ i} (w, g oy N Gy, il miHw, ga k)
NG {m37 My, Ms, mG}(w7 g@,k)g\?;)

and S
b=0(B) € GM{l}(w, gox)sy N GE{l, 1, 153w, gag) T

NG {3, 1y, 15, I }Hw, 9<I>,k:>§\?;)-
Then, the pseudodifferential operator C = Ao B has a symbol ¢ = o(C) in
G (g 13} (@, g oy N G Ty om0+ (@, ga )
NG™ 2 L 4 I3 my + Ly, ms + I, me + I Hw, g@,k)g\?;)

and satisfies

1 (6% e
e(t,,§) ~ Y | —0¢alt,z,€)D3b(t, 2, ). (A.2.4)
acN"
The operator C' is uniquely determined modulo an operator with symbol from

C((0,T];G=>).
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Proof. In view of Propositions A.2.1- A.2.4, it is clear that the operator C' is a well-defined
pseudodifferential operator. Relation (A.2.4) is a direct consequence of the standard
composition rules (see [58, Section 1.2]). O

Lemma A.2.6. Let A be a pseudodifferential operator with an invertible symbol
a=o(A) € G*{0}w, gas) ¥ N G>{0,0,0}(w, ga )y N G{0,0,0,0}(w, gar)s.
Then, there exists a parametriz A% with symbol a* in
GO0} (w, ga )y N G{0,0,0}(w, gar)¥ N G°{0,0,0,0}(w, gor).
Proof. We use the existence of the inverse of a and set

af (t,z,€) = a(t,z,) ™" € G*{0}H(w, gax) ¥ N G{0,0,0}(w, gox) ¥
N GO’O{Ov 07 07 O}(w7 g@,k)g\?)

In view of Propositions A.2.1 - A.2.3, one can define a sequence a7 (t x, &) recursively by
1 [0} o
> 0alt.w.§)Dia} |, (t 2,6) = —alt,z, E)af (¢ 2,€)
1< <
with af in
GHHO}H(@ T, gaa)y) N G{0,0,01(@7, ga) ¥ N G10,0,0,04(7, gas) Y.
Proposition A.2.4 then yields the existence of a symbol

aty € GO0} (w, go k)Y N G20{0,0,0}(w, go k)W N G*{0,0,0,0} (w, gox)
and a right parametrix Aﬁ(t, x, &) with symbol o (Aﬁ) = aﬁ. We have

AAL —T€C([0,T;G™).

The existence of a left parametrix follows in similar lines. One can also prove the existence
of a parametrix A% by showing that right and left parametrix coincide up to a regularizing
operator. ]

A.3 Calculus for the Symbol Classes in Chapter 5

We now discuss in detail the symbol calculus for the class AGTL"2(®, gp ). The ar-

;0,0
guments used here are similar to the ones in [58, Section 6.3]. To start with, we
prove that P € OPAG™"™(w, gpy) is continuous on S§ (R"),0 > o. Recall that

0,0,0

Sy (R™) — MZ, (R") and hence M?ﬁk/(R”) — S (R™).
Theorem A.3.1. Let p € AGLL" (w, gox) and let 8 > o. Then, the operator P is a

linear and continuous operator from S8 (R™) to S§(R™) and it extends to a linear and

continuous map from S§ (R") to S§ (R™).
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Appendix A. Pseudodifferential Operator Calculus

Proof. Let u € Sj (R?). Since F (5§ (R")) = S§ (R"), we consider u in a bounded
subset F' of the Banach space defined by the norm

sup sup A~1(81)0e 6" |9%5(¢)|
B EeRm

for some A > 0,a > 0. It is sufficient to show that there exist positive constants Aq, By, Cy
such that, for every a, § € N”

sup |2*DY Pu(z)| < A B (a1 81)? (A.3.1)

reR™

for all u € F, with Ay, By, (| independent of u € F. We have, for every N € N

eDiPue) =0 30 () [ it e

B'<p

a2 Y () [ e - 20" [ D i)

B'<p

Since w(z) < ®(x) < (z), we easily obtain the estimate:
29D Pu(z)| < CoBY ™Y (2N1)? (z)leln=20N

<D <§) CORGE Bll)y/<§>?6_a|§éd§

for some By, Cy independent of u € F. Choosing N > (|a| 4+ n)/~, we obtain that there
exist Ay, By,C; > 0 such that (A.3.1) holds for all w € F. Next, observe that, for
u,v € S§(R")

[ Purs = [
where

po(x, &) = /e“fp(x,g)v(x)dx

By arguing as before, the map v + p, is linear and continuous from Sj(R") to itself.
Then, we can define, for u € S§ (R")

Pu(v) = (p.), v€ SjR")
This map extends P and is linear and continuous from S§ (R") to itself and it. O

We can associate to P a kernel Kp € Sg’(R”), given by

Kr(r.y) = [ € p(a.6)de (A32)
We now prove the following result showing the regularity of the kernel (A.3.2).
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Theorem A.3.2. Let p € AGTL7* (W, gox). For M >0, define the region:

Qur = {(2,y) ER*™ : |z —y| > MP(x)}.

Then the kernel Kp defined by (A.3.2) is in C®(Qy) and there exist positive constants
C,a depending on M such that

|DIDy Kp(x,y)| < C‘“'Hﬁ‘“(ﬁ!a!)eexp{ - a(cp(g;)q)(y))%}

for all (x,y) € Qu and B, € 7.

Proof. As in [58, Lemma 6.3.4], for any given R > 1, we can find a sequence 1y (&) €
C(R™),N =0,1,2,..., such that > y_, ¥, =1,

supp Yo C {§ : (§)r < 3R},
suppyy C {€: 2RN?(€), < 3R(N +1)?}, and

Dguw(©)] < O o) (Rsup (N7, 13)

for N =1,2,..., and a € Z,. Using this partition of unity, we can decompose Kp as
KP = Z KNJ
N=0
where

Knlz,y) = / eV (z, Epp (€.

Let M > 0 and (z,y) € Qu. Let r € {1,2,...,n} such that |z, — y,| > 2®(z). Then,
for every «, 8 € Z",

Dy DK (w,y) = (=) ) (?) / eI (€) Dy pl, €) .

<a

Given A > 0, we consider the operator

1 0\
L= :
Map \(z —y) Z (412

Mgz —y) =) (ﬁ;@ (x —y.

Since Le'® 98 = ¢/@=¥)¢ we can integrate by parts obtaining that

—1)8l a <~ N ,
DDl Kp(x,y) = —MQE,A(QZ = Z <5> Z (j!)%(l — Ag)

5<a §=0

J=0

y / (ie=VEH+IY (€)DOOp(z, £)dE

(2, —y,)7! ) e— N
= (‘U'BW—) Z (5) Z (51)20

M- T —
29,A( Y <o =0

X /ei(””‘y)gDéT(l — A [ () DY Op(a, €)] dE
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where | € Z, is choosen appropriately. Let

FleNoaﬁ& = DéT(l - Ag)j[§ﬁ+6¢N(§)Dg_5p(x’ f)]

We denote by e, the r-th vector of the canonical basis of R and (8, e,) = ., (J, e,) = J,.
We see that

(B!
Frl‘Na 5 = (_Z)ll
o ’1+§+:lg=l LNt (Br + 6, — 1y)!
IISBT‘F&T

x (1= Ng)? [€PT07her D24y (€) DY D p(x, €))].

Hence

. /! (Br + 6,)! |la—6|-+la+lz+1
Finags| = —i)h oo
[Frijavas H;l _l( ) LM (Br + 0, — )1 !
L<Br+o,

< (NPl = 1 )

« <€>7];n1*'Yler\a*5|/0+\5|+|5\*11w($)m2(I)(x)f'y\af(SH(ngrj)/a'

Note that on the support of ¥, RNY{¢), < 3R(N + 1)%. Since § > o, it follows that
: Cs\™ ,
| Frinags] < Of"*'ﬂ“(a!ﬁ!)ecg(j!)?@(ﬁ) (@)™ D () e d st/

with (3 independent of R. We now choose [ such that v/ > N. We observe that for every
¢ > 1 there exist positive constants ¢, ¢’ such that, for 7 > 0,

cexpldT] < g (;—7) (A.3.3)

Setting ¢ = 0,7 = )\5(1’ — y)%, we have that
[Mapa(x = y)| = eexp{c Ao —y|7}.

Observe that |z — y|> > ¢’(x)(y). From these estimates, choosing A < C,' and R
sufficiently large, we see that

C/

DD K p(x, y)| < Cf“'”“(a!ﬁl)@(%) exp { = S (@(@) ()7 |.

where (Y is independent of R. O

Definition A.3.1. A linear continuous operator from S§(R™) to S§(R") is said to be
0-reqularizing if it extends to a linear continuous map from SJ (R™) to SY(R™).
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A.3. Calculus for the Symbol Classes in Chapter 5

Definition A.3.2. A linear continuous operator from Mf (R™) to M§ (R") is said
to be (®,0)-reqularizing if it extends to a linear continuous map from Mg,’k/(R") to

MG . (R").

For t > 1, we set

Qe = {(,€) € R™ : 0(2)(¢)r < t},

and
Q; =R*\ Q.
Definition A.3.3. We denote by FAG;L* (w, go i) the space of all formal sums Y~ p;(w,§)

such that p;(x,&) € C*(R*) such that for all j > 0 and there exists B,C > 0 such that

sup sup Sup C—\a|—|,8\—2j(a!)—a<ﬂ!)—a(ﬂ)—20+2
]20 O(,BGZTLF ("Evg)eQ;j2072

(), Il Gy () mmap ()i BNl e | DB (, €)| < oo

Every symbol p € AG'1"?(w, g 1) can be identified with an element of FAGLL"2 (w, go k),

;0,0 00,0

by setting po = p and p; = 0 for j > 1.

Definition A.3.4. Two sums ijo Dj ijo p; are said to be equivalent if there exist
constants A, B > 0 such that

sup  sup sup C’_‘a|—|ﬁ\—2N(a!)—a(5!)—0(]\[!)—20-&-2

NE€Zy a,feN™ (w,&)EQ;N2072

—mi1+N = o —m —la|/o «
(€ NNy () 72 () NN DEAZ S (p; — )| < oo,
j<N
and we write Y550 Pj ~ D50 Pj-

Proposition A.3.3. Given ), ,p; € FAGTLT?(w,gax), there exists a symbol p €
AGT™ (W, g i) such that

0;0,0
. mi,msa
b~ ij mn FAGO’;;’,O’ (wagq),k)-
Jj=0

Proof. To construct the symbol p, we consider the excision function ¢ € C°°(R?*") such
that 0 < ¢ < 1 and (z,€) = 0 if (2,€) € Qu, p(x,€) = 1if (,€) € Q§ and

( s)up |DgD(x,&)] < ClHPH a1y, (A.3.4)
,£)eR2n

We define for R > 0
900(377 5) = gO(iL', 5) on R2d

pj(x,&) =¢ <#,%> , J=1

For sufficiently large R, we will prove that

p(x>€) = Zgaj(xvf)pj(xvg)v

720
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Appendix A. Pseudodifferential Operator Calculus

is in AGRL72 (w, ga ) and p ~ 3o pj in FAGTLT? (w, go k). From Definition A.3.3, we
have -

|D¢D wﬂ—!ZZ( )( )DMD”MM)D“ i@, 6)]

7120 o' <«
B'<p

< C\a|+\ﬁ\+1&|6|<£>m1 Yl +|8|/o wm P V|B\+|a|/az ]aﬁ 5)

j=>0

where

Hooln) = YL a,)if,isﬁ N o e
V5

XLy

D¢ DY (. €)].

From (A.3.4), we have

Hijop(,€) < CIHP (al) = (1)~ (%)j

where C; > 0 is independent of R. By choosing R sufficiently large, we obtain the
required result. We observe that

x §> - ij(l’,f) = ij(x,f)goj(x,g),

J<N Jj>N
for (z,€) € Q4xn20-1, N € Z,, which we can estimate as before. n

Proposition A.3.4. Letp € AGYY (w,ga k) and 8 > 2(oc—1). Ifp ~ 0 in FAGY) ,(w, go k),
then the operator P is (®,0)-reqularizing.

Proof. We will show that the kernel

Kp(z,y) = (2m) / 08z, €)de

is in M, . (R*") impliying that P is (®, #)-regularizing.
There exist B,C' > 0 such that for every (z,¢) € R*™:

|DEDp(w,€)] < P (@187 (€)@ (2) 17
C2N(N!)20'72
X inf NN
osn<Bi(©pew) 2 &)k 2(2)

Using [58, Lemma 6.3.10], we obtain

D=

DED2pla, )] < O g exp |- (9(0)(E)e)

for some Cy,a > 0. O]
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A.3. Calculus for the Symbol Classes in Chapter 5

We now examine the stability of the classes OPAGT'."™?(w, g k) under transposition,

composition and construction of parametrices. Let u € M ,(R") and v € MY ,(R"),6 >
Ql

2(c — 1). To relate with Gelfand-Shilov spaces, one can even consider u € §7 (R") and
2

6
veS;RY).

Proposition A.3.5. Let P = p(x,D) € AG}L72(w, gox) and let P' be the transposed
operator defined by
(P'u,v) = (u, Pv). (A.3.5)
Then, P' = Q+ R, where R is (®,0)-regularizing and Q = q(x, D) is in AGTL72 (w, go.x)
with .
Q&) ~ DY —0EDip(a, ~€) in PAGRYT .

70 a=j

Theorem A.3.6. Let P = p(z, D) € AGL7? (w, 9o x) ,Q = q(x, D) € AGQ,%Z?U(W’Q‘I’J“)'
Then PQ = T+R where R is (®, 0)-reqularizing and T' = t(x, D) is in AG?;clr;m/pmﬁmé (@, ga1)
with 1
Hw,6) ~ Y > —0ep(,§)Da(w,€)
>0 a=j
in FAG?é;ml“mﬁmé (W, gox)-

To prove Proposition A.3.5 and Theorem A.3.6, we introduce more general classes of
symbols, called amplitudes. Let (my,my, m3) € R3.

Definition A.3.5. We denote by II]'"*™3(w, gpx) the Banach space of all symbols
a(z,y,&) € C°(R3) satisfying for some C' > 0 the following estimate

sup sup C,_|a\_|5|_\5|(alﬁ!é!)_o<§>;m1+w\a|—(|5|+\5|)/0
a,ﬁ,éEZi (x,y,§)€R3
w(x) T2 (a) P (y) T (y) I DE D DY, y, €)| < 4oc.
Given a € II71™>™3 (W, gg 1), We associate to a the pseudodifferential operator defined
by
Au(z) = / / V(2 y, Ouly)dyds, ue M (R (A.3.6)
R2n

Theorem A.3.7. Let A be an operator defined by an amplitude a € II7L ™3 (W, go k),
(my,mg,m3) € R3. Then we may write A = P + R, where R is a (®,0)-reqularizing
operator and P = p(x, D) is in AGTL72™3 (W, g ) with p ~ >0 P where

00,0

1
pi(@.§) = Y —0EDyale,y,€)ly=r

|lal=j

The proof of this result uses the similar standard arguments available in the proof of
Theorem 6.3.14 in [58]. For the sake of conciseness, we omit the details.
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Appendix A. Pseudodifferential Operator Calculus

Proof of Theorem A.3.5. From (A.3.5), P! is defined as

Plu(z) = / Oy, —Euly)dyds, u € Mo, (B

Observe that P* is an operator of the form (A.3.6) with amplitude p(y, —&). By Theorem
(A.3.7), P = Q + R where R is (®,0)-regularizing and Q = q(x, D) € AGTL™2(w, go 1)

with 7
(2, &) ~ > Y (al) o Dp(x, —£).

320 |al=j

]

Proof of Theorem A.3.6. We can write Q = (Q")". Then, by Theorem (A.3.7) and
Proposition (A.3.5), @ = Q1 + Ry, where Ry is (®, #)-regularizing and

Quulr) = / g, (y, €uly)dyde (A37)

with ¢1(4,€) € AGEEE(w, go), 01 (y. &) ~ Y, () 9 Dga(y, —€). From (A.3.7) it fol-
lows that

Qrul€) = / g (y, uly)dy, u € Mo (RY)

from which we deduce that
PQulz) = / DYz, )y, )uly)dydé + PRyu(z).

We observe that p(z,&)q(y, &) € Ham;§+m/1’m2’m/2 (w, go k). Applying Theorem (A.3.7), we
obtain that
PQu(z) = Tu(x) + Ru(x)

where R is (®,6)-regularizing and T = t(z, D) € OPAGEL 2+ (w, go 1) with

&) ~ > ) () ogp(x, §)Deq(x, )

320 |al=j

. mi+m/ ,mo+m/
in FAGooo 77 2 (W, o k)- O

We now state the notion of ellipticity for elements of OPAGZL"2 (w, go k).

;0,0

Definition A.3.6. A symbol p € AGJL7*(w, gox) is said to be Ge-elliptic if there evist
B,C = C(k) > 0 such that

p(z,8)] = C{E) " w(x)™,  V(z,§) € U

Theorem A.3.8. If p € AGI ™ (w, go k) is Go-elliptic and P = p(x, D), then there

;0,0

erists E € AG, """ (w, go ) such that EP = I + Ry, PE = I + Ry, where Ry, Ry are

;0,0

(®, 0)-reqularizing operators.
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A.3. Calculus for the Symbol Classes in Chapter 5

The above theorem can be easily proved using Proposition A.3.3 and Proposition
A.3.6. For the sake of conciseness, we omit the proof and refer the reader to Theorem
6.3.16 in [58] for the details.

As an immediate consequence of Theorem A.3.8 we obtain the following result of
global regularity.

Corollary A.3.1. Let p € AGTL"(w,gox) be Go-elliptic and let f € M%Vk(R”). If

;0,0

u € M%’kl(R”) is a solution of the equation
Pu=f,
then u € M§ . (R").

This completes the calculus for the class OPAGTL™? (w, go )

00,0

Using similar techniques as in the case of calculus of OPAG'.™*(w, go ) and referring

;0,0

to Appendix A in [2], one can also develop a calculus for the class OPAGT"2(w, go k).
We start with defining the notion of formal sums in this context.

Definition A.3.7. We denote by FAG7*™2(w, go i) the space of all formal sums .-, p;(z,§)
such that pj(x,&) € C=(R*) such that for all j > 0 and following conditions hold

i) There exist B,C > 0 such that

sup sup sup Cl=IB1=23 (o= (p1g1 =0

320 a BEL} (2.6)€Q5 ;4 a0

it) For every By > 0, there exists C' > 0 such that

sup sup sup C’_“”_W‘_Qj(a!ﬁ!j!)‘ﬂD?@f@(x,§)| < 4o00.  (A.3.9)
J20 a,BELY (2,£)€Q By (j+]al)"

Every symbol p € AGJ"""™?(w, g 1) can be identified with an element of FAGI "2 (w, go k),
by setting pp = p and p; = 0 for j > 1.

Definition A.3.8. Two sums > ,5,pj , D_;>0P; in FAG"™(w, gs ) are said to be
equivalent if there exist constants A, B > 0 such that

sup sup sup Cle= PN ()T (BINTY)
N€eZy a,peN™ ($7£)€Q%(N+\a|)o

(O™ (@) (@) DA S (py — )| < o0,
J<N
and we write Y ;50 Dj ~ D50 Pj-

Proposition A.3.9. Given ijopj € FAGI™ (w, gor), there exists a symbol p €
AGT™(w, go i) such that

p~> pi in FAGI™(w,gay).

720
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Appendix A. Pseudodifferential Operator Calculus

Proof. Following [2], to construct the symbol p, we consider two types of cut-off func-
tions. For a fixed R > 0, we can find a sequence of functions ¢;(£),j = 0,1,2,..., such

that 0 < ¢;(§) < 1 for all £ € R*,¢,;(§) = 1if (£)r < 2Rsup (j%,l) L (6) = 0if
(€)r = 4Rsup (j2,1) and satisfying the following estimates:

|02;()| < O (Rsup (71, 1)) i o < 4j,

and
|08;(6)] < CY (@) (Rsup (57, 1)) 7' if |a] > 47,

for some positive constants C, Cy independent of «, R -

Similarly, we can choose a sequence of functions w] () € GZ(R™),j = 0,1,2,...,
supported for ®(z) < 4Rsup (]2 1) ,;(z) =1 for &(x) < 2Rsup (j%, 1) and

1024, ()| < CYH (BN (Rsup (57,1)) 71 for all 2 € R, B € Z7.

Let us now define o, (,€) = (1—1;(€))(1—v;(x)),j = 0,1,2, ... By the properties listed

above, we deduce that the functions ¢; are smooth on R?" supported in Qe sup(j,1) and
30]'(37,6) =1lin QTGRQ sup(5°,1)° Moreover
N o el
DDy (x,€)| < <}_%)
whereas, for j > 1 the functions ; satisfy the following estimates:
O el 18l Cal

el ol <4 (G) 0y ) (A.3.10)

for |a| < 37,8 € Z7 and
O\ 1o+l
| D D}pj(x,€)| < A (E) CUCI S (A.3.11)

for |a| > 3j, 8 € Z%, with A, C positive constants independent of «, §, R, j.
We now define

x 5) = Z@J(QIaf)pJ(xag)

j=0
Let us first prove that p € AGI""™?(w, go k). We estimate the derivatives of p in the region
Q2o On the support of ¢; we have @(x)(£)), > 4R?sup(j7, 1). Choosing R? > 2°7°B
where B is the same constant appearing in Definition A.3.7, for (z,&) € Q R2fajrr WE have
(2,€) € QB(j1)a|)-- then the estimates (A.3.8) on the p; hold true. Moreover, if o # 0 and
B#0 D?ngoj(x,g) is supported in Qi6rzsup(jo 1), then 4R*a|” < ®(z)(§), < 16R%57,
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A.3. Calculus for the Symbol Classes in Chapter 5

and this implies |a| < 4j. Then (A.3.8), (A.3.10) and Leibniz formula give

10805 (pj(x, §)p;(x,€))]

()0

0 0 3(2, )92~ 07 s, €)|

a’<a

B'<B

|| +|B]+1 o /e\m1—|a|=j ma —|8]-3 Cy ’ 1o
<C1 04!(5!) <5>k w(:z:) (1)(33) E (]!)

ST (@) ()7 D (D ()7 )

oS

where Xsupp (p;) i the characteristic function of the support of ¢;. Now, if (z,§) €
supp (p;) we have (€70 ()~ < (48%57) ™ and (&) 1d(x)1 < Clo'+151jol/ 171, wehile
(/D) gl < 29¢1l Hence

| DEDS (pj(, ©)¢;(x, )] < 5P al(B)7 (&) o) ()7 (%> |

where C} is a constant independent of R. Then, possibly enlarging R and summing over
j we obtain that

|DeDip(w, &) < T ar(an )7 (@) @ (x) W

for some C5 > 0 independent of «, 3 and for ®(z)(£); > 4R?|a|?. Similarly, using esti-
mates (A.3.9), (A.3.11), we can prove that p € AG'L™(w, go x). Thenp € AGTV™ (w, go i,)-

0,0

To prove that p ~ > . ;p; we observe that for ®(z)(£)), > 16 R?N°, we have

p(l‘,f) - ij(xvg) = Z@j(xaéhjj(x’é)

<N =N
which we can estimate as before. O

Proposition A.3.10. Let p € AG2Y(w,gsx) and > o. If p ~ 0 in FAGY(w, gox),
then the operator P is (®,0)-reqularizing.

The proof is similar to that of Proposition A.3.4. Using the techniques used in the cal-
culus of OPAGL™ (w, ga 1), One can examine the stability of the classes OPAG" ™2 (w, g 1)
under transposition, composition and construction of parametrices. One can consider
0 > o and prove Proposition A.3.5, Theorem A.3.6 and Theorem A.3.8 for the class

OPAGT"™2 (w, go 1.)-

137






Appendix B

Sharp Garding Inequality for a Parameter
Dependent Matrix

I love inequalities. So if somebody shows me a new inequality, I say: “Oh, thats
beautiful, let me think about it,” and I may have some ideas connected to it. The
point of view is that inequalities are more interesting than equalities.

— Louis Nirenberg

In this appendix we prove the sharp Garding inequality for a matrix pseudodifferential
operator with symbol a(¢, z, ) in

G {1} (w, gor) W NGY{1,0,1}(w, go) P NG H2,1,2, 1} w, gor)Y.  (B.0.1)

This is used Sections 4.5.5 and 4.5.4 to arrive at an energy estimate. By Propositions
A.2.1 and A.2.2, for any € € (0,1),

a € L= ([0,1]; G*Y(P, gox)) , if 6 is bounded, (B.0.2)
t'*a € C ([0,1; G* (@, gox)) otherwise. (B.0.3)

We give below the sharp Garding inequality when 6 is unbounded. The case for bounded
6 follows in similar lines by taking £ = 1 in the proof.

Theorem B.0.1. Let a(t,z,§) be 2 X 2 positive semi-definite matriz belonging to the
symbol class given in (B.0.1). Then, for each t € [0,T] and € € (0,1) we have

(t'*a“(t,z,D)u,u) =2 —Cllul?, uweS(R";R?). (B.0.4)
Proof. We have the following region-wise seminorms for a(t, z, §):

in Z(N), lalf(w) < h1e,

in Zmzd<N), ‘a’g(w) S @éj)
2
in Zen(N),  lal?(w) < h (@) O
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Appendix B. Sharp Garding Inequality for a Parameter Dependent Matrix

Here w € R?", g = gg, and the norm of the j differential at x given by
1
VEFSWLf@Wn~ﬂH/Hﬁm2
Yy ER??

Using an appropriate affine symplectic transformation one can assume that ge, = he
where e is the Euclidean metric form. Then

in Zi(N),  |al5(w) < h72729, (B.0.5)

in Zpia(N), |al5(w) < h]/Qw( )eﬂ (B.0.6)
. W)\ i Fons

in Zew(N),  |a|s(w) < hUTD/2 (T> Vg (B.0.7)

Let al” + al' (:L’ €) be the first order Taylor expansion of a at (z,£) = 0. Let v € R?. By
the above semi-norms we have

(0)

. a; v,V ) + CLIE (ZE,O)U,U) + T(§U7v) i 07
m Zlnt<N)7 (0) (1) |'E‘2 ~ (BOS)
a; v, v |+ {ay (0,5)1),1)) + T(9U7v) 5 07
| i) + (a0 0) + 5 (4000 0) 2 0,
i Zmia(N), (0) (1) €2 (o) 6o (B.0.9)
a; 'v,v ) + (a; (O,f)v,v) + 5 (TH hv,v) >0,
' ago)v,v + agl)(x,O)v,v> + % <95f2)2 e“’(t)é“h%,v) >0,
0 Zexe( V), Vv, v) + a(1)(0 §)v v) + kE <e(t)2 e¥(Dg4p2y v) >0
t ’ t ’ ) 2 +2 9 =
(B.0.10)

Let us fix 0 < ¢ < ¢ < 1. Using the definition of the regions, we see that in the whole of
extended phase space
1=\ v) + tl_alagl)(x, O)U,U)

ﬁwﬂww v) 20
%00, 0) + (#-a"(0,)v,v) 0

where ¢ = 1 in Z;,;(N) while in Z,,;,4(N) and Z..;(N) g = 2. Since the function é(t) is of
logarithmic type, in the whole of extended phase space, we have

ﬂf($Mm+mP@mmw+%wﬂ)>o
—e 0 1
£ (@0, 0) + (a0, )0, ) + L v]?) 2 0
From here on we proceed as in [43, Theorem 18.6.14] to obtain the result. ]
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Appendix C

Certain Examples of Singular Functions

The art of doing mathematics consists in finding that special case which contains
all the germs of generality.
— David Hilbert

In this chapter, we show that the singular behavior specified at a single point (say
at t = 0) is independent from the regularity of the coefficients on the whole [0,7]. More
precisely, it is possible to construct a function f; € C*(0, 7] and log-Lipschitz continuous
on [0,71], such that

limsup 4] f](t)| = +oo (C.0.1)
t—0t
for all ¢ > 1. Conversely, it is easy to find a function f, € C([0,T]) N C*(0,T] but
Holder-continuous on [0, 7] for no a < 1, such that

limsup ¢|f5(t)| < +oc. (C.0.2)

t—0+

It easy to come up with an example for the latter case compared to the former. For
example,

= {© if ¢t =0,
2T eV e e (0, 1].

Note that the above function satisfies (C.0.2) but it is not Hélder continuous at ¢ = 0
because for any a € (0,1), t* = o( fa(t)) as t — 0.

We now construct a function f; satisfying the estimate C.0.1. Let us begin with the
following lemma.

Lemma C.0.1. Suppose p is a modulus of continuity with p/(0) = oo. There is a ji-
continuous smooth function f on R, with prescribed derivative p, € R at points of a
prescribed discrete subset (tg)k>1 of Ry such that f'(tx) = px, for all k > 1.

(1)

Proof. We may assume without loss of generality that @ is decreasing with sup,. o =~ =

+00 . Let us fix a smooth function ¢ with support in [—1/2,1/2] and with ¢'(0) =1 =
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Appendix C. Certain Examples of Singular Functions

- Define positive numbers J; suc a pr| < . Let I, k > e pairwise
Defi iti bers &), such that 2%p;| < &% Let I, k > 1 be pairwi
disjoint intervals of length 05 centered at tj.

For any k£ > 1 consider

Ok

a smooth function supported in Ij such that ¢} () = pr and ||@}||cc = |pr|. It satisfies
|pu(t) — or(7)| < 27%u(|t — 7|) for all ¢ and 7 in R: indeed, to check the latter, it is
sufficient to look at points ¢ and 7 both in I, and for these points |t — 7| < 0y, hence

O(@) = Okprd (t R tk) (C.0.3)

0u(0) = el < Ipelle =7l < 2 o <ot —a). (Co)

Let f(t) = > -, ¢ Note that f(t) satisfies the required properties and hence the lemma
is proved. [

To obtain a function satisfying the estimate (C.0.1), we define f(t) = Y2 ¢} with
k

tk:%andpk:e.
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Applications of Singular Hyperbolic Equations

If you are acquainted with the principle, what do you care for a myriad instances
and applications?

— Henry David Thoreau, Walden

In this chapter we describe certain applications of singular hyperbolic equations to
cosmology, transonic gas dynamics (Tricomi equation) and transversal vibrations of elas-
tic string (Kirchhoff equation).

D.1 Cosmology

Singular hyperbolic equations arise naturally in the study of waves propagating in the
universe modeled by the cosmological models with expansion, in particular, the Einstein-
de Sitter (EdeS) spacetime. The EdeS model was jointly proposed by Einstein and de
Sitter [30]. Recently it was used in [71] to study cosmological black holes. In EdeS
spacetime, the wave equation with source term f written in coordinate form is

1 2
(E)f — mAm + gﬁt) u(t,x) =f t>0,x€ R3.

By imposing certain weighted initial conditions, the existence of solution to the above

singular hyperbolic equation is proved in [33].

D.2 Transonic Gas Dynamics
Consider the Tricomi equation
(02 — t0*)u(t,x) = 0. (D.2.1)

Th equation is used to describe the transonic gas dynamics [55]. Our interest is mainly
the case t > 0, i.e., when the equation (D.2.1) is hyperbolic. Under the change of variable
T = 2432 this yields

(83 - 9%+ %87) u(r,x) =0,
T
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Appendix D. Applications of Singular Hyperbolic Equations

which is Euler-Poison-Darboux (EPD) equation, an example of singular hyperbolic equa-
tion. In fact, the tricomi equation is studied as a special case of EPD equation in [55].
One can generalize the above observations to study the degenerate equations

(07 — t2p8§)u(t,x) =0, p>0.

With the change of variable 7 = tr PR the above equation corresponds to the following
singular hyperbolic equation

2 2 e —
(a a+p+”a>( z) =0,

which is again the EPD type equation.

D.3 Kirchhoff Type Equations

Let us consider the linear strictly hyperbolic Cauchy problem

(D.3.1)

(02 — a(t,r)Ap)u(t,x) =0, in (0,T] x R",
u(0,z) = up(x), Ju(0,z) = uy(x).

Suppose that a € C'((0,T); B(R")) and for t > 0, = € R™,

|ata(tax)| S Ct_la (D 3 2)
|0Fa(t,z)] < Cst™, pe[0,1), 5] >0. -

We have the following result by Cicognani [9)].

Theorem D.3.1. (Cicognani [9]) For the Cauchy problem (D.5.1) satisfying the condi-
tions (D.3.2), There are positive constants C, k such that for everyu € C([0,T); H**1(R™))N
CH([0,T]; H*(R™)) satisfying (D.5.1) we have

[w(®)]ls—r + [[0u(®)[s-1-n < CUu(0)]]s + 10ru(0)]s-1), 0 <t <T. (D.3.3)

In (D.3.2) one can replace ¢t~ and ¢7 with |Ty — ¢|=! and |Ty — t|7P, respectively,
To € [0,T),t # Ty. One can apply the inequality (D.3.3) to study of the blowup rate in
some nonlinear equations. For instance, consider a smooth solution u for t < T" of (D.3.1)

for n =1 and .
a(t,x,u) = a (/ 8xu(s,a:)ds> ,a(y) >ap >0,
0

|0u(t,z)| < Cy(T —1)™", t<T.

If @ is bounded and |a)(y)| < Ajetl¥l for p < 1/Cy and j > 2, then a(t,z) satisfies
(D.3.2) with p € (uCi,1), and ¢, ¢? replaced with (T — ¢)~* (T )P, respectively.
So the inequality (D.3.3) implies u € C* even for ¢ = T. This suggests that (' —¢)~!
is not a sufficient breakdown rate of the derivatives 9%u to have blow-up of u at t = T.
This can be compared with the results in [1].

such that
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Next, consider the Cauchy problem (D.3.1) where the coefficient a is a function of ¢
alone, i.e., a := a(t) € C?*([0,T)) and satisfies following conditions

ap < a(t) < ar, .
WD) < (C(T -7, j=1,2, (D.3.4)

for some positive constants ag, a; and C. We have the following result by Hirosawa [39].

Theorem D.3.2. (Hirosawa [39]) The Cauchy problem (D.3.1) with the coefficient as
in (D.3.]) is L* well-posed, i.e., there is no loss of reqularity at t = T.

We now apply Theorem D.3.2 to estimate the existence time for a nonlinear wave
equation of Kirchhoff type given by

w(0, ) = up(x), u(0,2) = u (), (D.3.5)

{ (02 — (1 + || Vul(t, )||H)A)u(t,z) = 0, (t,z) € [0,00) x R™,
where |[Vu(t, )2 = X7, fun [0s,u(t,2)| da.

Kirchhoff [49] proposed the Kirchhoff equation to study small transversal vibrations
of an elastic string with fixed ends which is composed of a non-homogeneous material.
The distinct points can have distinct densities and tensions. This equation is deduced in
[31, Section 2].

Now we shall prove the local solvability of (D.3.5). One of characteristics of Kirchhoff
equation is that the solution satisfies an energy conservation law, that is, the following
total energy E(t)

1

B(0)i= § (o)l + 9t [P + 519ute,1)

is conserved with respect to ¢, where ||u(-)|| denotes the usual L? (R") norm. Namely,
the first order derivatives of the solution are uniformly bounded with respect to ¢ in
L? (R™). However, the boundedness of the second-order derivatives are not clear. The

most essential problem is how one can show it. Let us estimate the usual second order
hyperbolic energy E(t) for (D.3.5)

Ei(t) = 5 (Jlu(t, )l + )| Vu(t, )17)

where
a(t) =1+ ||Vu(t, )|,

and |[u(-)|l1 = [|[Vu(-)||. Using the energy conservation law and Cauchy-Schwarz inequal-
ity we have

Ei(t) = %a’(t)HW(t, MR < e’ ()] Ex (),

and
o/ (1) = 21(Vult, -), Vu(t, )| < 4E(0) /2By (1)'/?, (D.3.6)
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where (u(-),v(-)) denotes the usual L? (R™) inner product. Therefore, we obtain

1 1
ith 7; = .
W T O B(0)12E,(0)172

Ei(t) <

< ~ (D.3.7)
AE(0) (T} — t)

It follows that F;(t) is bounded just before ¢t = Tj, but F;(t) is estimated from above
only by an unbounded function near t = 7. Therefore, F;(t) may blow up at ¢t = T} at
the worst. That is all which has been already known about the local solvability under
the assumptions F(0) < oo and E;(0) < oo.

However, we can show that the time 77 is not a really critical time by applying
Theorem D.3.2. Without loss of generality let F(0) > 5. From (24) and (25) we have

o/ ()] < 2(Ty — )™
and
|a" ()] = 2 |—a(t) || Au(t, )| + [ Vuelt, ) |?] < 4B () < 4(Ty — )72,

Therefore, by Theorem D.3.2 with 7" = T} from (D.3.7), the solution u of (D.3.5) exists
without loss of regularity at t = T7. More precisely, Theorem D.3.2 ensures that there
exists a constant & > 1 which depends only on F(0) such that the a priori estimate
Ei(t) < &FE1(0) holds for any ¢ € [0,77). It follows from an usual argument that we can
prove the existence of a unique solution of (D.3.5) at t = T} satisfying F; (T1) < &6E1(0).
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